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This dissertation deals with successive elucidations of the form and 
structure of functional determinants of operators acting in the backsround 
field of Yang-Hills instantons. 

In the first chapter a general review is given of the way in which 
ffects arise in field theory calculations, and how the principal 
technique of semi-classical approximation of relevant functional integrals 
leads naturally to a consideration of instanton determinants. f& brief 

H 
outline of the construction of Atiyah, Drinfeld, Hitchin and Nanin - of 
central importance in such calculations - is appended, together with the 


forms taken vy the Green functions (including those for tensor products) 


The second chapter employs zeta-function renormalisation (as used by 
a number.of authors) to obtain an expression for the variation of the det- 
ermninant with respect to its parameters; this lcads to a discussion of 
the vacuum polarisation current due to instantons, an extension of the work 
of Srown and Creamer being presented, and then compared with the work of 
Corrigan, Goddard, Osborn and Templeton. . . 

The third chapter deals with the efforts of various authors (Osborn, 
Zerg and Luscher) to remove the variation from the determinant ootained by 
4 


the methods asove; Jack's ak eeaagelisin of this work to tensor products 


a 


is introduced, and its implications for 5U(2) discussed along with explicit 
forns for the 't siooft instanton solutions. 
an ansatz due to Osborn for the form of the determinant in the 


n of its limiting and con- 
oO 


ase of S5U(2) is presented, with an investigzetio 


formal properties; details of numerical checks on its accurecy sre given 


Using results from this calculation, and employing conformal propert- 
ies of various integrals involved, an exact form for the determines in the 


ease of seneral two-instanton 't Hooft (SU(2)) solutions is obtained. 


A finel chapter briefly reviews the 





eress made in these inv 
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sro 


tre 





ions and possible future developments. 
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CHAPTER 1: Basic Results and Formalism 


ds Introduction 

It is generally believed that the most likely candidate at present 
for a theory of Nature will be one in which the strong interactions are 
modelled by Quantum Chromodynamics, a non-Abelian gauge theory of a 
type first introduced by Yang and Mills. 2 In an attempt to elucidate the 
| detailed structure of this theory, standard perturbative techniques have 
been used; but the situation is complicated by the occurrence of non- 
perturbative effects. 

The first of these arises from the presence of non-trivial local 
minima found by Belavin, Polyakov, Schwarz and Tyupkin® in the Euclidean 
domain of the action functional of such non-Abelian gauge theories. A 
direct consequence of this is the dependence of the corresponding quantum 
field theories on an additional parameter ¢) - (at least in the absence of 
any coupled massless fermion fields or scalar fields which realise (/ (1) 
chiral symmetry). Even though Q is presumably zero in Quantum Chromo- 
dynamics, and coupled quark fields are involved as well as gluons, E(o), 
the vacuum energy density, contains information of interest: e" (0) can 
be related to the mass of the WU (1) singlet pseudo-scalar Goldstone boson 
(insofar as the 1/N expansion provides a good approximation), 

“Brvsthert the fact that these local minima are characterised by an 
integer k (the Pontryagin index), which labels the topologically inequivalent 
classes of such field configurations, leads to a resolution of the U/ (1) problem 
associated with this supposed Goldstone boson, and provides perhaps the 


. . 5 
main phenomenological consequence of these non-perturbative ideas so far.? 





2 The Semi-Classical Approximation 


Otherwise, when investigating these effects, one has recourse to 
, a . oa 
semi-~classical methods. Typically one is dealing with a Euclidean 


functional integral of the form 
{ é cee) 
z= -£ fatdle © () (1.1) 


where Ss will be the gauge-invariant Euclidean action. By a suitable 
choice of b » 2 generates all the (Euclidean) Green functions of the 
theory (which themselves effectively define that theory). For small values 
of g_ the integral may be approximated to leading order in this parameter 
by a sum of Gaussian integrals centred at the minima of the action — 

Belavin et al . first investigated these minima and exhibited an 
explicit form for one of them. As noted above, it was shown how they 
could be characterised by their Pontryagin index k ck integer), which 
labels topologically inequivalent classes of field configurations. Within 
each of these classes the action is bounded by a constant multiple of lk 
and, furthermore, this bound is saturated by values of the gauge potential 
for which the field strength ins So Pea , where * Eo = 2 Epvee Ee’ fe 
is the dual of Pe ; 

The self-dual solution found by Belavin et al” with k =1, generally 
called an instanton ('t Hooft's terminology) depends on five parameters: 
four co-ordinates of position and a scale which corresponds to the instanton's 
"size". The calculation of the semi-classical contribution to the functional 
integration measure in terms of integrals over these solution parameters 


8 
was first obtained by 't Hooft for the gauge group SU (2) calculations 


further aadivsed™ and subsequently extended to §U(n) = Use has been 
made of these results for a variety of purposes, !? generally in the "dilute 
gas" approximation. 

In this one assumes that the set of minima can be represented 
tolerably faithfully by an arbitrary superposition of arbitrary numbers of 
single instanton and anti~instanton fields; the corresponding contribution 
to the functional measure is then taken to be the appropriate product of 
Single instanton measures together with a statistical weight factor 1/(n,! n+); 
where n, , n_ are respectively the numbers of instantons and anti-instantons. 
In this form the functional measure corresponds precisely (in statistical 
mechanics terms) to a free gas of two types of bosons, although interactions 
of some kind need to be introduced subsequently between dnetantons and 
anti-instantons since arbitrary configurations of these will not, in general, 


12,13 


be stationary points of the action. But even neglecting these problems, 


and calculating € (8) =k (l~ cre) Poa one finds k infinite 
from a divergent integral over the instanton scale size. This highlights 
the crucial difficulty with the dilute gas approximation: the formalism 
itself is weighted towards large scale sizes, but if the instanton scales 
become. comparable with their separations the initial superposed configurations 
are no longer even an approximate stationary point of the action. 

There is a further problem with this approach, for it is unclear to 
what extent one may be over-counting in the functional measure by virtue 
of the overlapping superpositions. Indeed, Witten“ arguing from calculations 


based on the 1/N expression, has. questioned the whole basis of the approxi- 


15,1 : 
mation, though exact calculations —— in the closely-related two-dimensional 





Cc p™ -model suggest no fundamental conflict between the 1/N expansion 


and instanton methods as such. As a further indication of the doubtful 
nature of the dilute gas scrostenation. calculations by Frolov and Sciwaxe 
on the 0(3) om -model and Berg and Lisever’® for the Cp” generalisation; 
suggest that the cnatanions behave as a Coulomb gas in its dense phase 

(see also Belavin, Fateev, Schwarz and Tyupkin?”), 

Thus it would clearly be desirable to apply the semi-classical pro- 
cedure systematically to gauge theories, making use of a well-defined, 
complete set of classical solutions ai which one can expand the functional 
integral measure. Witten”, E Hooft”? and Jackiw, Nohl and Rebbi'™ suc- 
ceeded in progressively generalising the instanton solutions of Belavin et al” 
to one depending on 5k + 4 parameters, and having Pontryagin index k. 
These results were later subsumed and extended by the construction of 
Atiyah, Hitchin, Drinfeld and Manin (referred to as ADHM hereinafter). 7° 
In this, the general self-dual solution for arbitrary compact classical group 
is exhibited. The work of these authors is of such importance in what 
follows that it is given in some detail below. Although all self-dual 
Solutions are produced by this technique and Atiyah and jonas” have shown 
that the space of self-dual instanton solutions largely exhausts the topological 
structure of the full space of field configurations, it remains only a con~ 
“jecture”” that the functional integrals occurring can be well-approximated by 
the semi-classical approach of above just using these configurations for 


arbitrary k. 


3. Asymptotic Expansions of Functional Integral 


26 
In using this approach to calculate (1.1), it is instructive - .to con- 


sider the finite-dimension analogue: 


eu = fate feed 


If the minimum of S(x) occurs on a k-dimensional set of points M, 


gp Oe) (1. 2) 


parametrised by x(t 


- 6.) with & U4) = So, 


ae 
a so, OS | = Cap lbi,n, ey) (1, 8) 
Ox; ™ Dec,'Ox; A ; 


then as 930 the leading contribution to I is an integral over M: 


T gio ath ea | Wrath foc F (actly ae 


ae» 
where QU = cet (<7 : SS | (1.5) 
¢ BE, Oem 
and f, is the restriction of f(x) to M. The prime on detC indicates 


that only non-zero eigenvalues are to be taken. 


Returning to the field theory version of (1.4) a similar result is ob- 


tained, but care must be taken that the measure has been suitably normalised 


* rm 

to ensure no factors of \Vaarg") » NDeO, occur, and that only 
determinants of dimensionless quantities are computed. The latter is 
achieved by the introduction of a parameter fe» of dimension length . 


Thus a more appropriate finite dimension analogy is. 


jee[eye® (25) ae Fa f f, (otic) * 





a) 


1.6 


which can then be taken over directly to the field theories under discussion 
since the set of parameters describing the minima of the action in this 
case come to be finite-dimensional. 
In the general situation under consideration,a Yang-Mills gauge theory, 
with gauge group G , is described by a vector potential Ap and a field 


strength Fuy  , where 


Fav = MAD ~ WAM + CAn, Aud (1. 7) 


both taking values in the lie algebra at G and transforming under elements 


of G as 


= e 1.8 
Ay =? gley'Apy gle) + 96 Vdug le) rey 
Faw GB? IO)" Fue Ce) - a8 
Then an appropriate gauge-invariant Euclidean action S_ is 
S = = El ato Te ( Ben bie | s (1. 10) 


, ear : 2 
The. investigations of Belavin et al concerned vector potentials 


which are pure gauges at Euclidean o> . Then (as stated above) 
= a x : 
Zz {4 2 Tre (Fey Eno) = Prt , (1,11) 
k © 6, Bl, Be gas 
And singe 


S = = + | ae Tr i (F s*F)” =e z Bes Baus ) 


———— eee 


1.6 


which can then be taken over directly to the field theories under discussion 
sitios the set of parameters describing the minima of the action in this 
case come to be finite-dimensional., 

In the general situation under consideration,a Yang-Mills gauge theory, 
with gauge group G , is described by a vector potential Ap and a field 


strength Fuy , where 


Fay = Ou Aw ~ Oy Ap + CAm, Ax | (1.7) 


both taking values in the lie algebra at G and transforming under elements 


of G as 


ie 7 1.8 
Aiys - 9 (2c) Aye g (><) F 9 Ge) w3 (x) ) : 
Bay 7 9 (oc)! Gus 9 (2) - (1. 9) 
Then an appropriate gauge-invariant Euclidean action S_ is 
ate 
3 - ~t la 2c Tr ( Faw Fur } . (1.10) 


; Sig Sei : 2 
The. investigations of Belavin et al concerned vector potentials 


which are pure gauges at Euclidean o> . ‘Then (as stated above) 
- Yo ¢ 
5 [abe Te (Fas *Euo) = Putke , (1.21) 
k SS oy EL , ee gee 
And since 


S _ al Pars Te 7 (F 2*F)y 2 he hin) ) 


self-dual on anti-self-dual field strengths clearly saturate the lower bound 
of the action, and are minima. 

The gauge theory analogue of the argumeit leading to (1.4) in the 
dos ‘ ‘ : 26 
finite dimension case can then be carried through . 


It is convenient to split an arbitrary potential Ap into three pieces 


Ag 2 An * De P Pep., (1. 12) 
| Here An is an instanton potential depending on a number WN(k) 
of parameters ts Di is the covariant derivative formed from this 
defined by 








Dip =md + CA, od) eet 


lh 
eys 
e 


and Qn 5 Du p , oA, (DS g sss N(k)) are chosen to 


be mutually orthogonal, i. 


(oy 
te = 
In this, On represent quantum fluctuations about the classical 
2 ba rs 

background field Ap. , while Du are essentially gauge transformations, 
contributing only a volume term in the calculation (albeit infinite, as the 
group of gauge transformations is infinite-dimensional) which is divided 
out by Zo in (1.1) 


The expansion of the action up to terms quadratic in On is 


‘ = Grrlk| + Peele nian) fe Ole%) | (1. 14) 








where 


° 2 o °o 
D x9 Oy = (02) a ae 2U Fv > ay | = D, Du Ay. (1.15) 


The Jacobian J{v corresponding to tl in (1.4) has two parts: 


one from the finite-dimensional set of parameters t J 


J. 
Jn” = [ast {atte Te An OAs 1] (1.16) 
' QE: Ob; 


and another from the functional integral over @ r 


[ dot (~ 0/2] . (1.17) 


The analogue of ( dak ( oat a is 


wo he 
[ dot! (- Apel) | . : 
It may then be down’, by relating 
5 2 
[ det! (~Apha)}* te Phot (a,j) 
where 
(A) 


using the self-duality of Fey , that the leading contribution to the 


Ay = = Didp ~ 20 es, av | (te) 


asymptotic expansion as 970 for each k is given by 


Z 
NU RR mC ateel (-O7 fe) ] on 
xu ) é 9 T 1%, & ( ( He] ru @ (1.19) 
V2" 9 [doe (A, [p2)]? 

This provides an expansion in terms of the functional determinants 


of operators in background fields of classical instantons, which are seen 











to enter crucially in this approach. 


4. The ADHM Construction 

The construction of Atiyah, Hitchin, Drinfeld and Manin’ mentioned 
above has played a central réle in the subsequent investigations of instantons 
and their properties (see 26,27 for full discussion in this context). 


28 
The techniques employed have their origins in twistor methods. 





Atiyah and ward” used these to reduce the problem of constructing all 
self-dual solutions of the Yang-Mills pero to one of complex algebraic 
geometry; then building on the work of Bath and lorrosks’, ADHM 
obtained the general method of construction outlined below (following the 
treatment and notation of 27 ), 

For a general compact lie group the self-dual solutions are obtained 
by adding together the relevant constructions for each component simple lie 
algebra occurring in the decomposition of the lie algebra of the original 
group. Quite simple descriptions of the solutions exist for each of the 
four sequences of compact groups (Sv (n+t) , O(2n41) , O(2n) , Sp-lr)) 
but only Spl) will be treated here, since the formalism is simplest 
and the others may be obtained by suitable embeddings. 


The instanton gauge potential can be written in this formalism as 


Py. a Oy (1,20) 


where. (for the case of the symplectic group Sp(n) V(x) is an (ntkjxn 


matrix of quaternions subject to 


voy SL. : (1.21) 


and V* (x) Ax) =O | (1. 22) 





Here 

Ay, (=) = a thy, 

l<esk, lerdEenek, 
so f\ , a and b are n+k)xk matrices of quaternions 
( mz=xor- CxS : the quaternionic representation); 


k is the instanton number. For (1.20) to yield a self-dual field strength, 


at. 


i + a : ; j j 
aa, bb and a b are constrained to be symmetric as kx quaternionic 


ls 





10 


matrices. ‘This, in its turn, forces /A‘A to be the real and symmetric 


for all x» ; it must also be non-singular. Thus the following quantities 


may be defined: 


(ata) , (1, 23) 


a 
i 


a a ae (1. 25) 
It is then straightforward to show that the resultant Fay is self- 
dual, and that k is indeed the instanton number” * 


In terms of this construction the Green function of the covariant 


Laplacian transforming under the fundamental representation takes a particu- 


larly elegant form: 
+ 
Glz,y) = Vil) viy) (1.25) 
ee ley 
this being, in fact, the simplest possible generalisation of the ordinary 


Green function 


[ae 


g Uae Fe 
= | 1.87 
Chee S et te (1.27) 
9) le [acy 
that transforms correctly under the gauge group, i.e. 
G (x, y) 4 9 lx)" G (ce, 4) Q(y) . (1. 28) 


27 
It is fairly straightforward , using standard techniques of this 
construction, to verify that (1.26) does indeed satisfy the remaining con- 


dition 


D” C (xx, y) =o 5 me Y (1. 29) 


(since clearly G(x, y) Cg (ey y) es is also required), 


“4Y 
coy) 
On the other hand, to derive an equivalent form for the adjoint representation — 
which will be of importance in evaluating the determinants arising in (1.19) — 
; : 32 
is very much more involved . 

Using q to denote the fundamental representation of a gauge group G , 
the adjoint representation can be obtained by decomposing I® gq ; this 
is then regarded as a 2-index object, one index transforming according to 


the fundamental representation and the other as its complex conjugate. The 


appropriate covariant derivative is 


Dr = 1@1% +tAnOl + 1OA, . (1.30) 


Naively one might hope that the obvious extension of (1. 26) 





Glx,4) = v@tyly) © vod" vy) (1.31) 


bem [acy ]> 

















1.12 


provides the correct form for the Green function; but as Brown, Carlitz, 
33 ; 
Creamer and Lee at first pointed out, a further non-singular term has to 
be added. 
Considering the general case of a direct product of two simple groups 


G, and Gy with covariant derivative 


Dr = 201% tAp@t taeAn » (1. 32) 


32 
the Green function is found after some analysis ~ to be 


Ci lee,y) = Cv) vibe) (1- M)Lv(y) @ valy)] (1.33) 
tea | x~ y [* 
where JJ) is a square matrix of dimension att ey Mn, * Jt is defined 
with reference to another matrix, M  , which is (kk, x k,k,)-dimensional, 
and constant (as is Mm ) (see 32 for details); both are conformally in- 
variant. The latter matrix, which acts on the tensor product W, @ W, 


of a k, -dimensional space \W, and k-dimensional space W, , enters 


d 
crucially into a number of calculations that follow, particularly in the 
related forms M4. and Ma derived from it, respectively the restrictions 
to the 2k(k+1)-dimensional symmetric and }k(k-1)-dimensional anti-symmetric 
subspaces of \W ® W . 

Utilising the fundamental results and working in the formalism 
outlined above, expressions may now be sought for the instanton determinants 
occurring in (1.19). This is attempted in the work below according to 


the following scheme: 


Chapter two employs zeta-function renormalisation (as used by a 


number of authors) to obtain an expression for the variation of the determinants 


Neen eee 


eds 


with respect to its parameters; this leads to a discussion of the vacuum 
polarisation current due to instantons, an extension of the work of Brown 
34, : 
and Creamer being presented, and then compared with the work of 
35 
Corrigan, Goddard, Osborn and Templeton 
’ : . 36 
The third chapter deals with the effects of various authors (Osborn , 
se 37, er, ; : 
Berg and Luscher ) to remove the variation from the determinant obtained 
by the methods above; Jack's®® generalisation of this work to tensor 
products is introduced, and its implications for Sul discussed with explicit 
forms for the 't Hooft instanton solutions. 
39 , ‘ 
Next an ansatz due to Osborn ~ for the form of the determinant in 
the case of SuQ) is presented, with an investigation of its limiting and 
conformal properties; details of numerical checks on its accuracy are given 
for k=2 and k=8. 
Using results from this calculation, and employing conformal properties 
of various integrals involved, an exact form for the determinants in the 
case of the general two-instanton 't Hooft ( SU (2) ) Solution is obtained. 
A final chapter briefly reviews the progress made in these investigations 


and possible future developments. 
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CHAPTER 2: Zeta-Function Regularisation of Determinants 


In this chapter a method of defining and regularising functional 
determinants is discussed, and then applied to the case in hand, namely 
that of the covariant Laplacian in the background field of instantons, the 
variation of this hanced with respect to the instanton parameters 
being obtained. 

Arising naturally in this context is the vacuum polarisation current 
induced by these field configurations. In section 2 an extension of the first 
work by Brown and Creamer is presented and then compared with the later 
calculations of Corrigan, Goddard, Osborn and Templeton; the latter form 


the basis of subsequent investigations in the following chapter, 


dls Zeta-Function Methods 

There have been two principal means of defining functional determinants 
developed by field theorists in instanton calculations, namely a Pauli-Villars 

= ES : 2-5 
technique and a zeta-function method - The latter seems to possess a num- 
ber of advantages in this context, particularly for discussing conformal 
: . 6,7 . ; , 

properties of the determinants , although its part in a consistent scheme 
for defining and evaluating Green functions of the theory has not yet been 
shown to all orders in the coupling constant. 

As in the introduction to the semi-classical approximation, it is 
, ae Bodie nse ' an Soe 
instructive to consider a finite-dimensional analogue (following in this 
and what follows). For a finitenxn hermitian matrix A, positive definite 
with eigenvalues dj , sien (not necessarily distinct), one may 


set 
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which defines a function analytic in s with the following properties: 
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Similarly for a differential operator (such as -D , which is positive 


definite if one works on the sphere gt conformally related to the flat 


4 
Euclidean space R ) with an infinite set of eigenvalues, define 


og > Ba (2.4) 


But this leads to difficulties with J. 42 (0) In fact the series 


in (2.4) is typically only defined for Re(c) >2 : to continue analytically 


beyond this to s=0 a technique from the analysis of the Riemannian zeta 


function can be employed, where 
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The integral in (2.5) is then suitable for evaluating the analytic con- 


tinuation of is to all complex 


Ss , revealing a pole at ssl (and 2), 


Analogously we can define 


i re) . 
=. dt girt Tr AE 
5 a Ce 


(2.6) 
and further generalise this to ~ p~ by noting that the equivalent of e AF 
in this case is " ert ' or, more properly , GF lx, y3&) satisfying 


OG ars re (2. 7) 
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which defines a function analytic in s with the following properties: 
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Similarly for a differential operator (such as -D', which is positive 
definite if one works on the sphere sf conformally related to the flat 


4 
Euclidean space R) with an infinite set of eigenvalues, define 
= 48 
pf) a a (2. 4) 
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But this leads to difficulties with het . In fact the series 


in (2.4) is typically only defined for Re(c) >2 : to continue analytically 


beyond this to s=0 a technique from the analysis of the Riemannian zeta 
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function ~ can be employed, where 
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Ci) = paar = ms | ab (2. 5) 
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The integral in (2.5) is then suitable for evaluating the analytic con- 
tinuation of La to all complex ss , revealing a pole at ssl (and 2), 


Analogously we can define 


a aa ae 
= = Tin | HE Tele i) (2.6) 


and further generalise this to ~ p* by noting that the equivalent of e * 


in this case is " ere "or, more properly , G (x, 45 &) satisfying 


OG bale fee pS (2. 7) 

















_ equating powers of & 





and & (= y 50) cael 5 (ae~ 4) ‘ (2. 8) 
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These define the heat kernel 0 in the case where -D is a second- 


order elliptic operator on a compact manifold (see also 11 ). 
ve. 
Then Tp (e°*)= Te GUY = {& Ble256) As. (2. 9) 
( & referring to internal indices). The asymptotic properties of 
“G. (ey t) O46 tELo show that are, is regular for 


Re (r) de aa and there are poles (as above) at s=2 and 1; Ce (cs) 


is regular at s=0. 
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To calculate G re Lo), this asymptotic expansion of the heat kernel 


must be investigated in greater depth. Setting” 


= l a) <— | n 
Y lx, 436) cue Coe expt 2 be-yl } Lentey)€ (2.10) 


the co-efficients @n may be evaluated iteratively from (2.7), (2.8) by 
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- 4). Du ae(x, y)=O > &, (Hy 2c) Sy (2.11) 


n &q (x,y) + G&-y), Dun (ay) = Dron, l,4) , wei 2.) 


Apart from infra-red problems (cf. below), the residues of S (s) at 


s=1,2 and its value at s=0 are controlled by the small-t behaviour of Glx,xjt), 
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Reo, ols) = ion | Gale de ; (2. 14) 
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Slo) = Tepe | Se bey) le (2.15) 











(2.11) is solved by the standard path-ordered exponential (taken along 


the straight-line path from x to y) 


Ao(x,y4) = Pexp(— So Ap ays ) (2. 16) 


which can then be used with (2.12) to give 
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A,(x, 2x) 
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So the residue of G(s) at S=2 is infra-red divergent, at s=1 it 


vanishes and 
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for a self-dual solution. 
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. To calculate is (©), using the fact that 
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| (2. 20) 
one obtains from differentiation 
Sty = [| ee | dea’ 
ae [Fre q ve sities 
ie (2.21) 
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and af a5] - ¥ (Euler's constant). (2. 22) 
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Aside from the difficulty of analytically continuing the right-hand 
side of (2.21), it is not apparent how it could be evaluated without detailed 
knowledge of the eigenvalues of iy, 
These difficulties, and the problems of infra-red divergences (which 
arise only in the determinant as a multiplicative factor independent of the 
instanton parameters) can be obviated if one considers Sow - the 
variation in Sr) induced by a change SAu of the potential. As Ae(x,2) =1, 
Sow is regular at both s=1 and 2 (2.13), and further § Slo) =o 
if An satisfies the equations of motion, (2.19) then being proportional 
to the action, a constant. 


In these circumstances 
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5S) = aq | oee Te eo” Sp (2. 23) 


andso §5 (0) = a Abe Te Ce" sor]] | (2. 24) 


the integrals defined by analytic continuation. 
Integrating by parts, and denoting the inverse of Dp” by its Green 


function, 


DG(x,y) = - §(x-5) , (2. 25) 


hou 4 S'(o} = [s] At ll see Paka” sp} : (2. 26) 
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Now §D* = Dyn Ay + § Am Dy | (2.27) 


So (2.26) becomes 
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with the notation 


Dy, G (oe, u) ep Glo) + Aut) &(x,9) (2. 29) 
ay Q 
and CG 4) D. = -2 Gly) + G(myJAaly) (2.30) 
uf 


Thus the residue at s=0 in 


Vee ote LSA, ( D,, Go ge 5.) (2. 31) 
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which is controlled by small-t behaviour will provide § $(o) - In 


fact it is the constant term in the asymptotic expansion of 


[ate 'y trL$A,.( BG ey) Gly,x; t)+G ley; JG (4,2) Dy | (2. 32) 


that is required; this is obtained from consideration of the expansion of 


E (x,5) 4 . An obvious choice like 
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G (%,4 56) P (x,y) $le~y) + Ol) (2. 33) 


where p (ze. y) = Ae (2X,y) ; the path-ordered exponential 

of (2.16), will reproduce the expression obtained by Brown and Gedemer” 

in their investigation of the vacuum polarisation current created by instantons 
(see below). In their work, a point-splitting approach was adopted that led 
to ill-defined expressions whose ambiguities were resolved by rather ad hoc 
means. 


Noting with these authors that 











G fey) = | 2h +: Rix,y)) ‘ (2. 34) 
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where R(x,y) is non-singular at x=y, one may furtuer apply the 
Zeta-function method to obtain rigorously their end rest 
For Brown and Creamer found that only this regular part of G (x4) 


contributes to the constant term sought in (2.32). This will occur if 
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ae Jaraty tr SA, De ( Bl 2) $y, 6)] (2. 35) 
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has no such term as tlo. 
Now 
% rN ~ aye 
aL jidte of... nap ae (2.36) 
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is finite and (changing variables) of order € » vanishing by anti- 


symmetry if N is odd, provided £}N-~M >2 


Thus the only terms of relevance are 
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Expanding 
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multiplied by Qo( 4,2) + €a,( 4,2) in a Taylor series 
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about x=y, one uses 
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D,, B (2,4) = = Fas (>) (y —x) 
(2. 38) 
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and (oe, 4) P (4x)  £ ; (2.39) 





aly x)= OClzx-yt) . (2. 40) 
Then with 
v Be 
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the contribution of the singular part of G(x,y) to (2.33) is 


4. [a G LS Ante) Dy F(a] (2.42) 
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which vanishes in the case under consideration, since Ap satisfies the 





equation of motion  ),, Fu» =O. So finally only R(x,y) remains, and 
using 
: a aki 1 (2. 43) 
”~ © = : 
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. 13, ' 
Brown and Creamer's expression is achieved: 


SS'Go) © hf indadfe 0) = fate & [Sane Jute |: (2. 44) 
where py, te) 3 a [ Da Rlx,y) + R(x) BJ (2.45) 


is the vacuum polarisation current induced by the presence of the instantons 


(see 13 for a full discussion of this aspect). 


2. Calculation of Vacuum Polarisation Current 
This current thus enters critically in the calculation of instanton 


determinants. The basic technique employed in its evaluation is the ex- 


























traction of the regular component of the Green function G(x,y) 
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where $ (x,y) is the standard path-ordered exponential; Ips is then 
calculated via (2.45). This method was developed by Brown and Creamer’? 
’ ; ‘ ‘ 15,16 
and first applied by them in the case of the extended 't Hooft solution : 
in what follows we treat the general situation in the formalism of Atiyah, 
Drinfeld, Hitchin and Manin (cf. infra). Simple Taylor expansions are 


used to this end. 


Expanding about y, only first-order in x-y need be considered, since 


higher-order terms in (2.45) will vanish as x+y . With 
Gl=,y) = PY (rg) (2.47) 
Cen |ac~ 4 |* 
by (1.26) M (x, 4) = Vt (x) Vly); the expansion is straight- 
forward: 
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Similarly we may expand 
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To third order in (since we have a factor Ix-y |? in the 


denominator) 
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Since viye 1 (ef 1,21) 
we have On viv = - vt Qav 
and so Se mvt so pvt nv 
oe Ay Sa (2. 56) 


causing the first-order terms in (2.48) and (2.55) to cancel in (2,46), 





leaving 
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In order to compute Je of (2.45) it is necessary to adopt some 
convention for the limiting value of 4a By fe as 3-70. Naively 
one might take this as a4 /lt , the symmetric limit; but in fact there 
are two limiting processes involved here, and it is important that the 
orders be strictly preserved. 

Dye acts on R in two ways: differentiation by “Op , and via 
multiplication by Ap . Clearly, in any sensible limiting scheme, the latter 


will only contribute a term from B yes % Sy 3 but the pieces obtained 
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by Om acting on R must be considered more carefully. 
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Having performed this limiting process of differentiation we may now 
take 
op i we Fe (2. 61) 
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not, as might be expected, 3 of the symmetrised sum of (2.61), 
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The latter term -— s0 oo» 3 > o ,;. but the first is ill-defined. 
For present purposes it will be taken to be zero (as J(x) is regular). This 
point will be returned to later. 

"Oo acting on Chord enedauee nothing in the limit oc >Yy but 
‘Ox Bray will contribute. 

The term produced is proportional to “On Buy tp By 
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Here there is no ambiguity about 
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which becomes “x Bas Say 
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limiting processes and the Sav may be taken within the differentiation, 
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As is usual in instanton contexts (e.g. 't Hooft's solutions °) we work 


in the gauge “0-Az=o , so 
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So using (2.65) and putting together the component parts obtained 


above, we have 
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oe Vacuum Polarisation Current for 't Hooft Solutions 
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The vacuum polarisation current was first obtained by Brown and 
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Creamer for the case of the 't Hooft SU (2) solutions ' (2. 68) can be 


' checked against their result. 
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the instanton superpotential -; A; » J; respectively the instanton strengths 


and positions. 
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by direct calculation. 


Also 
[Ow Ay Ay Aya As) 
=F Pran Qala Tage OUT (nob + 0405) 
=F Tous ren Coy la T Opa TT 
= 2 OL eT 


= Z (pT eT = (Ox Tf OTT 5 (2. 88) 


7 A Ay 
= % rae dam a 4rprop ee W (Sap t+ © Egbe ov) 


= ~ ren “18 a + CEabe oMpeeAagh (OmpleTT Op lath . 


Then using standard combination formulae for the " 'p (for which see 


Appendix of first reference in 1 ), 
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Now Up enters in (2.44) a» te SA. eal , so only those 
parts proportional to oO are relevant. Since 6 is real 
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is also real in (2.68) and hence contributes nothing to the effective polarisa- 
tion currents. Similarly all other terms in the component parts of (2. 68) 
without this factor of o* may be discarded. 

Thus gathering together the relevant terms (i.e. those proportional 
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Since Fy, is self-dual (by construction) and “py anti~self-dual. 
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Thus we obtain Brown and Creamer's results for the effective 


vacuum polarisation current 
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and J, is conserved, as is easily checked, 


This is true for the general current found in (2.68) though the lack 
of any essential simplicity in the result has unfortunately prevented direct 
verification. Similarly Sn is anti-hermitian (as A, is), but in the 
derivation of above there is a manifest lack of ee ee se Op “ Ta, 

It has already been noted that the initial calculations of Brown and 
Creamer” were plagued by problems of limiting behaviour, solved by the 
approach of Corrigan et al’ . Similarly the further problems of the 
generalisation of the earlier work were also avoided by these authors. 

In the expansion of P (zu) (cf. (2.49) they arrived at the following 
ansatz on the basis of gauge covariance and Euclidean transformation 


properties: 
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where the use of the ADHM construction allows structural mimicking of the 
Green function 
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from which it is subtracted in (2.34). 


Then using the defining equations for D (x,y) ‘ 
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a power series in (x-y) of H about X = 2+4 can be obtained 
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(see 7 for details). 





With “= Zrty these authors obtained 
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Then using this via (2.96) in (2.45) gives 
= t yt tp it Act + (2. 98) 
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which is manifestly anti-hermitian ( @€, = On oc, x in the quaternionic 


representation); it is then straightforward to show that its covariant derivative 
is zero (notation introduced in 19 is helpful in this context). Using the 
various forms for v, b, f etc. in the case of JUQ@) , (2.98) may be 
shown, after some algebra, to reproduce (2.95), further confirming this 
result. 
Clearly the elegance and simplicity of (2.98) coupled with its full 

se see generality, make this form the obvious choice for further investigations, 

and in particular for seeking to remove the variation from SAL in (2.45). 


This will be carried out in the next chapter. 
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CHAPTER 3: Integral Expressions for Instanton Determinants 


In this chapter the efforts of various authors to undo the variation 
present in (2.44) is reported, following principally Osborn and the more 
complete work of Berg-and Luscher. In this, using the current of (2. 98), 
te ( SAm Jud is re-written in terms of various variables, A,, Sp 
having been transformed to equivalent quantities in another, larger space. 
Then after some manipulations and re-grouping of terms, it is possible to 
extract the variation from (2.44). In the process of doing so, a five- 
dimensional integral is introduced. 

In section 2, Jack's extension of this to tensor products is discussed, 
together with the implications of this work of computation of instanton 
determinants in the particular case of § VQ) . These are further con- 
sidered in section 3 with the particulatisation of the above to the 't Hooft form 


in preparation for the following chapter. 


1. Basic Techniques 

In the previous chapter it was shown how the determinant of an 
elliptic operator (such as the covariant Laplacian in the background field 
of aaceitons) could be obtained from the zeta-function of that operator. It 


was further shown that under a variation of the parameters in the general 


Silda im, ( 
solution A. , the corresponding change in J (0) , where 


det | oe, = efile tnu* SO) ~ To) (3. 1) 


( PB a regularisation mass-scale) , 


was given by 











ST lo) = toe LSA Hl (3.2) 


(2c 


Here Ja , the vacuum polarisation current due to the presence 


of the instanton gauge field, is (in the notation of Chapter 1 and 1 ) 
on = vbfleath -b AS )f bv (3. 3) 


and A = yvr9 


la px 
The removal of the variation in (3.2) was first effected by Berg and 
Litewher” and Osborn’; in the main, the latter's treatment is presented 
here. 
In this, the formalism of Drinfeld and enin” is used, writing 
wt | 
A\(x) = arbe = . (3.4) 
B+Cox 
where B and C are square 2k x 2k-dimensional matrices and \r acts 
from a space W to N-dimensional representation of the gauge group. 


Then a solution to v‘A=o and ytve= 1, is given by 


vee UT (1y, -u') ; (3.5) 
uly = dM ( Bice) ‘ (3. 6) 
where (U Ut) = z, ruby, 


“8 Ay = ~ UT Ge CuU +U,U 


with G = (B+ onl (8B +Ca); and defining A. a gauge 


transform of An by 


Ay = U"AAY + UU (3. 8) 














then A. ote oie ee ey ead bi. ; (3. 3) 


Now (U ul = ts Pe 
St Re) 
at lees (3. 10) 
ae a ane Oe 
where fa fhrewtea:. 
ia A, = = Kfen.C u . = 
Since 5 An = U"' SAU + D.(4)U" $0 
and Su is covariantly conserved , 
Jest 54.) -feertsa 8} 
where Die a UJ" 
— =. (3.12) 
= ATPL (6. Pee, Cu 
(here Plx) = b A(x) = C*lB +cx)) ‘ 
Defining a, and jp by 
Be = ond ; (3.13) 
ai _ ws \ (3. 14) 
j* Jpn , 


then the gauge field and current for the space W may be defined thus: 


| A, = Bg AE | (3. 15) 
A ¥ . 
dy = yp dA f (3. 16) 


























Using standard techniques in the context of the general ADHM 


solution (see 


5 for details) it may be shown that 


 [fleP*-Pepif} = a 
and so Car EN hag dj oe pre (3. 18) 
which ensures Du (4) 7 Eo, Du. (Als =O and also 
Jatete 84,3.) - [ate te, | 64.23 
= & ay ‘ aa 
Je [MEAN a) gay 
=O 
as and 
ay = Olx-?) in Se?) 
Thus finally one obtains 
t { A A 
sv (Qo) = aa Jatete, | $ An J. (3. 20) 
where A, ad = fay ; 
Om = £ O'S (ey ops, jf (3, 21) 


Vv 


i 


-+ 


HES 


After fairly lengthy manipulations (details in 3) it can be shown that 


LSA, 


=~ Reel PL SEP) (on PT) 40] 


+ bt [ So)tege] - & [Sy elfetd (2, Pf ra, «208 FI) 





(3. 22) 








3.5 





The derivative vanishes as a surface term in (3.20) as § (£ P*) = Ofx-*) 


and fy = O(=~) . Then defining ° 
X =P , : (3. 23) 
KX «fe, (3. 24) 
ae fol : (3. 25) 


(8.22) is written more succinctly in (3.20) as 


Stil = ef b& [CY XK] [Sx Kop Kas, 2x] (9. 26) 


i 
\2q* 
Further simplifications may be achieved via integration by parts and 


suitable combinations and terms to obtain 


§ Slo) = jag 8 Ja {2% [Xx] + & [Ex Ke. Kx] 


intent + $8 , (3. 27) 
where $0 = ~ £, [sete [(SKR-x0ExX] , ae 


showing SS) as a variation of an integral plus a further less explicit 


term. The former may be further re-written as 


ee amen Te 


Cees ol 5 esl YI ~ Th EX HK xT dee (3. 29) 


(Vy? 


and the latter as 


[ 
(aye [ae ) ) 


a) 














where © b = Cups § tC S heve bp ky ky | (3. 30) 


and Ky = oe" ‘ | (3. 31) 


$e was successfully re-expressed as the variation of an 


integral by Berg and Luscher a 


They considered the properties of a function G (4) defined by 


GUS) = Cagern te | MAM 44pm Ds Mp4 Hn} (8.32) 
= 


where M (3) e GL (hk, Cc) an arbitrary function of 5 real 


variables %3, es ae, i 2 . 


Then 
07] 2» “dy Expenn & | MSM Mg eee Te mo. (3. 33) 
Introducing a parameter t, an integral form of this.equation is 


q = 2. | at Cupane $ID Kg Ke. KOI] 8. 84) 


where K(& 3) , oO ¢eeL, is any curve of invertible 
matrices (in ‘OLtk, ©) ), such that K(0,%) is diagonal 
and (4,4) es M (4) 

Then taking on = ey (pm 20, |, 2%, ) and Ze 


“an-instarton parameter with respect to which the variation is made, and 


putting or ; 
b= ease LF ESE af FOP ft Of FP £"| 


(pity pro Som O &3) 














= Lanse & SF ef Lf. ffl CE 


laipe fu 0% ew) 


Fyre & (£9, EL OLT.. £9, f7¢ She 


So by (3.34) with {kK = tf e (6) (+ x2) 


lL: 
~ i 8x [db copay Sef KO Oe Kk OBR. <- K7~d,m) Sh, 
= $552, | teapante| ee we K} 


| 
+ 2. [83,| heat PRK. KD, K3 


[x = o,!, 2,3 
B18, = 0, 2,3,%) 


_ 
= § | ve Capen IT RK .. KOK? 


( 
(3. 36) 
53 Oy Zp, Sema Zp 
canamnenieted . 36 = ae (avg = ~ Tage Sa je eprint fice Bee side KO) K} 
where the surface term from Op 2 in (3.36) vanishes, 


/ 


ae i 
Writing oa. » a = Fy (ps HO, 1,2, %) 











—_—_ TY ——— 
ee — 


in ae sis: to divide out the common divergent factor on flat space. Removing 





| ; 
$e = ans t 5 A%e [a8 expeayte§ OAK e as "0.8. 87) 


Thus fate te ¢ SA, amy may now be written as the 


total variation of four- and five-dimensional integrals: 


[aes Ef SAm Jp} 


2s ${ a [ate (20 CfA] - Cee) 





| 
5 | alter Ex poi) tp Uke ke iia bMS oe 











with ky = bee KE, 


So finally, removing the variation, one has 


Py, = - le $ dot (-D/ ed] dab (- (- 05 jo}? 





= - (I+ Oo - kl} + Flk) 


cet , (3. 39) 


Here Dop is the trivial covariant derivative (k=0) and is inserted 


the vari ation from (3.38) introduces problems of divergence; thus I has to 


be regularised: 


T= Ge [os] 8% | Se (fo) --be-Ue- kta e 


900 (3. 40) 











F(k) is independent of the parameters of the general instanton 


solution, and was found by Berg and Liischer” to be — (x(4) + aa k 


(i.e. linear in k, as conjectured by Osborn” ), where 


(3. 41) 


san Mecah xi ny 
ad =- 2S [-Y-Zu2 -= 


2 Extension to Tensor Products 


The above results all pertain to the case of Au in the fundamental 
representation of the gauge group; using similar techniques Jack” was able 
to extend this work to An a tensor product of two independent self-dual 
gauge fields. 


Thus defining 


Da = 2,1 +A. ; (3.42) 
A,» = 4, @ A. T Aim el, , (3. 43) 
L = Leh, (3. 44) 


7 ! 


the analysis of Chapter 2 goes through in an exactly analogous fashion and 


~ § brdot (-B*) x Jae SAH} (3.45) 
where ah, = LOS, Fp, OL t ae 4 (3. 46) 
Siz obtained as in individual variations of ‘4 (— ol and 


(3.47) 





x = 


= a em 
K. = LD Kis.) + Kev) 5.1 




















___ judicious selection of Ay and Ag. Thus for SU (un) , taking Aw and 





with K (4) defined by the tensor product Green function 


J + 
Gera) = fq | MEMUIO WET HO) sc fery)} (08) 


(see Chapter 1 eqn. (1.33)). 


Jy and Jy in (38.46) contribute their respective determinants in 


~~ ~ 


(3.45), and K a further term TL! 


Wn dot (— BY) = Ny tedot (Dr) + M, Ueto (- Dr) 
e po i 


=e 3.49 





where N,N, are the dimensions of Psy and 
iinet % NAY {i 
T= Wde{u(ver) ~ je, [aetna fy, SI. bb LZ .(3- 50) 


Here M is the matrix in the extension of the ADHM construction to 
tensor products (see 6 for references). 

In Chapter 1, it was seen (eqn. (1.19)) how the adjoint representation 
enters into the calculation of the semi-classical approximation, and the 
determinants for the former have been examined in some detail by Sauic” 
applying the above results. ( 

For the results for the adjoint representation can be obtained by 
(fs bontagats Ap the adjoint is obtained directly. 


Then with Ae = A, @1 + 1@An 2 
li (- ae = 2nb dé (-D) —- Udet | M" (ve vt) | 


ae Are ly dak L993 bn dotfy + cote, (8-51) 











3.11 


6 
Similarly for Sale) , though with more work , 


Lndek (-D*) = (2r4 6) bat (-P) ~ tr det ma(v or} 
Pie fale (adel ATS U. dot fy + comk. 
(3.52) 
M, was defined on [W& WJ, the anti-symmetric part of W@W, 
For the particular case of U(2) = Sp (L) , (8.51) and (3, 52) 
may be easels and, using M™ = M , bob Madd My dob my , 


give (cf. (3.39), 3.41) 











{l 


Dy = - te [dob (-Bfo)/ doe (- Mle) 


+n) 


G (ba sok $M, (o@s)] + kuz) ~ (AY + £)k 
(3. 53) 


are (ate Unde PTF idee fr — k bye 
(2 


924 


7 
where the undetermined constants above were obtained by Osborn by taking 
the case of Salk) and considering k commuting Lp (1) factors when 
2 
the eigenvalues of -D can be determined, as in 2 , but in the context of 


zeta-function regularisation. 


3. 't Hooft Solutions 
"In what follows, we shall be mainly concerned with evaluating Vy 
for the case of the background instanton field given by the 't Hooft ealutiona” 


In terms of the ADHM parameters, these are described by 2, 











Bei =Uhd y by S- Ae y 16 ¢ Sk 


ay = 4 de S55 by =-a Sy, 1 ee ok 


J 
5% 
it ms oe 
Then with ® Ree my ey, 
(the superpotential) 
= fs 
Aa > z= ° ap Op Gn b 
: 3 
In terms of the matrices 
ec, 
X = Ol. 
O te, 


ry 
-! sf 4, «= | T 
ae f @ NA = Wh ewe Vi 


and vo=ah = \ +X", 


Then, using d = RST A a he 


* 


(3. 54) 


(3. 55) 


(3. 56) 


(3. 57) 


(3. 58) 


(3. 59) 


(3. 60) 


(3. 61) 











3.18 
C . bey" rs ras ay ae , (3. 62) 
f= OT - SOP (ONL) oa 
and 

he = tf = ey" Xe 6K) et CQ)" Ka 7 ly 

Z 64) 
Finally, using 
qs _ X vey") * de (3. 65) 
xe 


it can be shown . 


«Chops So - 29" i qs” 


a, (3. 68) 
bk | 
& &LeR] 2 hae = + G4 1 Od.2 % a | 


1 Gd. 28) _ 1 96.26 
_— es Pe darinioas's "te ~ or Y e sol 


| -_ 
- € Tap Tap — = Pa Eat Tap : (3. 67) 


¢° 









































ke lt 
where Tap = z ; ; 
@&yY 
sh . & 
= FO to Su O” 
(3. 68) 
So noting ¢” és 3 i oe” one obéaine ™ 


6% CAfJ -46Lek] 


= i=. Pee 


. 16 of 


where 


Te {EERE EME YW LE Lavcapag) een 


(3.70) 


The derivative term contributes nothing in the integral (3.38), and 


that of &@ vanishes in this case (ef. below, Chapter 5). So for SU(2) 


the final result is 





ab. ob) 
Silo = oe § fat (Le “7 oe) + a (3. 71) 
2 an al 
ot = DE de | ae ee ~ EOE) 
tm Vesy oF * (3.72) 


- (adj+Z)k - be Capt 














Here the regularisation is necessary since the first term of (3.71) 
removes the singularities as 2; >o but introduces a divergence 
~ kin 0 R200 Fs which is, however, independent of the 
parameters a and b. (8.72) presents the determinant as esseutially a 
four-dimensional integral, whose properties will be further considered in 


the following chapter. 
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CHAPTER 4: The Osborn Ansatz 


In this chapter attention is focussed on determinants for the case 
of instantons described by the 't Hooft solutions (cf. supra) and in particular 
on elucidating the structure of the integral occurring in (3.72) of the 
previous chapter. Having considered its limiting properties, an ansatz 
modelling these suggested by Osborn is described and examined; in section 2 
the conformal behaviour of both is investigated. This is followed by a 
detailed numerical comparison of its behaviour against the exact function for 
two and three instantons. Various appendices and tables provide further 


computational information, programs and results. 


1. Limiting Properties of Determinants 


As a first step to evaluating (3.39) for the general case, attempts 
have been made to elucidate its structure for the simpler and more ex- 
plicit 't Hooft solutions (cf. supra, Chapter 3), By agnieiadinn the various 
limiting and conformal properties of (3. 71), Gubetn sought to formulate 
an ansatz that would reproduce these and the known form for k=1 (see 


below). 


Following 1 consider the behaviour of IL4, } , Where 


ke 
IC 4) = sate S Ly FE Fb, Gln by Jobe.) 


nag 


is the form taken by [+9 ( © =O in this case) in (3.39) with 


= 
Oo = FZ. > My cH Y, 


(cf. (3. 72)). 

















In particular, we investigate the case where the instanton configura- | 
| 
tion degenerates to one corresponding to a lower topological index; that 


y 
‘ : . : 
1S 4. > He or : ee) 


bivean equivalently yy oo), In the 
first limit let 





wy \e 
p ae =a at = ) (4. 2) 
é mj 
then (4.1) can be written as 
— £) oh tay NW 2 ag 
IC 4,] = nl Re reat ¥ iL Ok, one a ly gd 
ewe re 
ig Oud, Sud, | (4.3) 





+ Loe + <lk-i) . 


Sj 
T io") is just the case of k=1 (in the conformally extended 
form ) and can be evaluated 


TCO) = -G cal ao i oe 4 (4. 4) ill 


In the integrand of (4.3), there are now no divergences at x; as 

ue | ) and so the limit can be taken inside the integral, together with 

ae Un oy ~ -+, (4.5) : 
1 E295 P| . . 


which leads to 


A BN Pca — RB lye al ee +T/ 4] (4. 6) 
(Xi +X) 








—_ 


where @ is the obvious limit of D, oo yo Dy, viz 
“I 
= kh ye 
a » xe 2 ak a 2 
2 oe ae eee 
° + 


Consider now the case of d; -0oO . 


L 5 
_ where Dy, = 2 


then 
Bud = — Chl 
$, 


~ - P44) + iL 
oe 6, 





Then writing 


So in (4.1) there arises a divergent term 


g 
| . 
- , 6 i. A toe os x; 20; 
a eo) | 


for the remainder, r: ~ © without problem. So 


¥ 


Ta). wl, fe pelt & = nt tet ICG.) aay 


where the regularisation refers to the divergence at oo . 


(4. 8) 


(4. 9) 


bs \ a 
od: me 4/2. Or, mae dh 
lx." (>c.]* 
(4.10) 













































































Setting wn ee ; (me < yo +uh,] ; 
Xe 
h-j 7g 
we SE Se , « ae 
i - : \4--45[ ( y 
= a +B. OfF) (4.12) 
Pd 
wae | eee he ae 
a 1 
l { 
2 dtu iG oe = 4,13 


(4. 14) 


thus I(¢,) oe ae oe TE est (4,15) 
: $,, (4) 


Similarly for 4. 30 with Me yr ete ahi , 


| ~ 
db, ode ¢ Zo + OCR) , 


© fye~yl 





















































4.5 


the same term as before contributes (as u,x, oO  ) and the same 
result (4.15) obtains. 
1 - 
Osborn” suggested the following ansatz for I that satisfies the | 


limiting relations (4.6) and (4.15) 


" ko fa | 
1 -2(n 2, = bE | + badd p + zk : (4. 16) 


7 


The verification of this depends on the detailed properties of Ac iy 


where 


(PhJam = = Cnt Sea tee (4.17) 





— en y Eng zo. (4. 18) 


Hh 

The rule for evaluating dot p, was first given by Sylvester * ~— 

whose name it bears (as Sylvester's unisignant); the symmetric case relevant 
here was treated by Borchardt © (see also 3 for further discussion). 


By the complete symmetry of det oy, under permutations of the 


Coe , the special case of bo, > 20 may be considered 1 
| 
Pay, ~Lin ~b,, | 
big en b.3 fa 
detp, = dat (4.19) Hl 








k 
where 2. = 2 &L 
=O 





Sor occurs only in ae , So abstracting this term 
| a met Nia E12 — €)5 
bio Evo ie 


, (4. 20) 


then expanding by the first row 


dokp, ae bo dabp, + oO (1) | (4, 21) 


where om is the (k-1)x(k-1) matrix obtained from Fk by elimin- 


ating the first row and column, and combining terms such that Exe = Ge +o: IZcek, 


Considering now the behaviour of (4.16) under Seo 2y, (that is €,,-70) 


Un aN is unchanged (but hs = + x) 
2, k . x 
and bay Se ga ln TTX, det ge a : 


and from (4. 21) 


Lyn do py ~ MWe + Ln bot B F where 
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So under 6, 300 , 





- = Le & % \* 
Ly eT, ea Ee Oe 
k Gwe l.-/ Nan ts a 3 | 
le [%- yet Hil 
ae 
—* ly-yol” XX 
i 17 Jo WHI 
% ie * 3 ty Ta. we «=|? (4. 22) i 
(SX) wi 
viz. precisely the behaviour of (4.6). 
To consider the limit \. +0 ( or yi > 2) it is convenient | 
to take tex 20 (Vi) (again by the symmetry of the situation 
| 
this is permissible), 
Then ll 
i] 
ba aor Hs 


s a anette tee 


~~ “Adding columns 2 to k on to the first, using 


6 = bg tba +... t & 


Cn » 





Co, ~ Eg = Cig 
ob py = ek, bos en 
and adding the 2nd to kth rows to the first 
k 
>. E5; bor yy 
cre 
dokpy = deb = =. 


and then expanding by the first row we have 


ek py i 


Lg Fen deal, + Ol) 
since each column other than the first has an element of order 
multiplies a matrix with a column of similar order. a 
simply by deleting the first row and column. 


Examining (4.16 again o \, >0 (eo sd 20) 


and 


4.8 


(4. 23) 


Gol > 


is defined 




















4.9 | 
By (4. 23) 
k 
ln dok py ~ Cn body + i Zbos ; 
bocse ; © 
k ; 
os 2 
but Sei. = Xe Dy ly) Ct ea . 
—s 3} ! 
So I, ~ ee mee 
b bes Ses ice 3 x $y) ®e 
° a ‘ 
oe C we Ley — 2 (4, 24) 
cD) 
reproducing (4.13), and confirming the parallel limiting behaviour of 
(4.16 and (4.1). 
2. Conformal Properties 
Having shown that (4.16) satisfies the various limiting relations | | 
im 
of Lia , it is necessary to ensure that its conformal properties | 
are compatible. From the earliest days of instantons 2 , conformal techniques 


have been a recurrent idea in the development of the subject : ; they will 
also be of cardinal importance in the following chapter. 


1 
The properties of I are most easily investigated via the relation 


oS oe ee ttn dats Myfo@s) | +(2l02 + =k) (ee 


{ 6«* 


where for the case under consideration (£0Q)) , Sz 3. 


here v= = fate Ln dot LSD Ly dkLfo , (4. 26) 





and |, was defined in Chapter 1 through equation 





(1. 33). 


Expressed in quaternionic form a conformal transformation may be 


written 


Since Al] > Ale) = A(x) (Bee xX)” 


for a self-dual gauge field Ap given by the Atiyah, 


(4. 27) 


(4. 28) 


Drinfeld, Hitchin 


and Manin construction, this change corresponds to one in parameters of 


( 


| x > 2! = (ox + p) (Yee +x)7 : 
| 
| 
| 
| 
| 
| 


QA>aq = aH + bp (4. 29) 
bab = oy + ba (4. 30) 
Also - of (4. 31) 
where M, = Kiya” (4. 32) 
tc = dot [! 4 = [ev'xe —pol é (4. 33) 
since ®° SS la det f = -GL Aw Ew, (4.34) | 
~~ ~~~ then under a conformal change 
Ol sok f 9 BO Sh, dak f (4. 35) 
So sonitan the change induced by this conformal transformation 
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me 


mee 





by Be , and letting it act on J of (4.26), then 


Bb 
\4 
I 


~ kN ie ly EQ 
a kAlidoty + s fs EDT dob f 


—k Da doéy = kW lat v! (4, 36) 


+ Pu lol ek fieddur ty ae at” 


{ Gqy* 


integrating by parts. 


-_—————_————_-__ —. °* 


Using (4.32) 


2, <a 2 ct +1 . Hi 
BFIln = ~(6q* § (x ext x) ; 


and fl-w¥% = vlAr 
where [Al = &. fe eK 8 
ig So. 2 “2k AG bey + PUK . (4. 37) il 

(61 || 


The ansatz (4.16) can be naturally extended to the complete 


Solution via 1 


= a een ~ 


T +0" = Undot (MH, (ver) — Wr dlab Ma (Veo) + (24 Zk 


(4, 38) i| 


which leads to the corresponding form for J °: 




















oa ~ Wide $M (ver)} + (ZF - 42) (4.29) 
(6a 
ap Ae T= Ahk Acliwbty . Atadee 
{Gq 


But it is shown in 3. that Beata bee M = - lélLn k? ‘ 


So ore ie =-2hk Aclidotv + CUE, reproducing (4.37) 
\6r? 


Thus (4.38) (or equivalently (4.39)) is found to model correctly both 


the leading singular behaviour and conformal properties of I (and J). 


Bie Numerical Computation for k=2 





To investigate this ansatz more fully, it was checked numerically Mt 


on a computer for k=2 and k=8 with collinear instantons in the case of the i 





restricted 't Hooft solutions. 


For k=2 the starting-point is (4.83): 





1 


Ite 5 ae(Sep> kee seQ}ee. | 


n 


cal de | (gSh Oi Sh de - (Zod. Se oh, } 
"J . 
erery: (4. 40) 


cme ae a) 


as in (4.3), 





| 


me See oe 


where O.. <é x + he ? d, = t+ die 


and i § (+,,] = ~u XK ia ly.-g.} # 
(e+ sl 


WN 


by direct calculation. 
To regularise the integral of (4.40) (which diverges as (py, kK a R 0) 
we subtract off | C$! | where 
¢ 4 7 
ra - .| HW 
See Yo zo : | | 


the latter having the same behaviour at infinity. 





That is, we subtract off the unregularised 
Ve tL. we oat. gl pee ef 
Lf ate tL gow OSLO, ?. (4. 41) | 


To obtain the finite parts of this consider || 


_ ~ _ { 2 ae om 
Tl4.1= bh] ae G +h - £e0d0uG) +4 


he oes 


= = & BR lag 
aes 


“as before. Now let ve 2H ,)\, Ve, MAG +1; 


so 


IL%3 > IH =) Sel ETERS LG) ot 








| 
4,14 | 
: | | . 
if we set %, =H+X , and 7 = @ then 


| 
7 ae Be ZPHASHA)] = UUM) + E-4, 
. (4. 42) 
So 
| Ll¢] = 4 [deft 3u4, Sid, - GTUHSL 4) 
| | 

~b fate f, -EougsHel} +4 

, = pe tle ly,-yof + . + + i ate. (4X5) 
(w+) | 


and 


\ a (Ql dO b, —OUWd, d, ) 


(4. 43) \] 
= loa? | rld¢, | a OE loge Iye-gel ad we ‘ 
(es 
_ Now the ansatz for the general k=2 situation is (cf. supra) | \) 
| 
Ly = 2 [oz X, 7 be TTX: + Gidokp, + .2 j 
Holes Meena ce pa “ck tok p, ey i 


(ret at] 3 











where fr = Co, + GE, oe Ev. 
| (4.45) 
ca oe Eo. +&,) 
/ 
(t5 = XH) 
ye-ysf 
and wet = Ul t+ NEN (4.46) 
(4 -yef 
Letting now y,30, \, 20 , ds [4o ae ee we have 
da = ~2% +t + UX healt eae ) 
ial 
= MH A-GNY + GC te Yen staas 
Iye-yal 
and the ansatz's value for (4.43) is 
Lb1? \ i tly NAL ly - ye 33 % 
S+eny 
= ee yen gel” + 1) ; (4. 48) 
vn ee 


~. In’ fact one can go Slightly further than this. For we know that iets 


accurately reproduces the conformal properties of [ [.] ; thus 


LL4.)\ = Ue * f(s) (4. 49) 











oe 








4.16 


for some function of the conformal invariants of the instanton parameters. 


But for k=2 this is unique: 





Xe i ly, “ya 
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By carefully expanding TC$.3 to O(N) it has been shown! 
that f'(©) >] . Thus to (4.48) is added (Gye ~- being the first 
| term in the Taylor expansion of f(c); it is then this modified form of 


(4, 48) that is compared numerically with (4.43) in Tables I to IV. 





Table I provides sample values of configurations in which the instantons 
have equal strengths ( a = ), ¢ is the conformal invariant, I the \\) 


numerical value of (4.43) and A the calculated value of the modified ansatz. 





It can be seen how to the two decimal places given (dictated by absolute . \ 
accuracies within the computation) the results are remarkably good. As 
might be expected, the agreement improves with decreasing c. Tables II 
and III provide respectively small and large eau instanton strengths, ) I] 
with varying separation; the agreement is again excellent (usually better 

than 0.1%). \) 

To establish whether the inconsistency can be attributed solely to 
computational error, it is possible to investigate further the accuracy by 


a series of consistency checks, By virtue of f being strictly a function of c, 





holding the latter constant should ensure a constancy of deviation between 
the integral and the ansatz. } 


: Kw 
This can be done for example simply by interchanging \ and s* 


(there is no obvious symmetry between them in the integral) as in Table I, 





where the noe remains approximately the cae even though I varies 
considerably. Alternatively, the formula for c (eqn. (4.50)) can be solved 
asa cubic in |y,- oe given <,X dF, This was done for 
e = 1/37.5, 1/75 and 1/150 for various )’s and results displayed in 
Table IV. As can be seen, even for eiielparmiytine ~ Me, 8S and I, 


the errors within each conformal group are remarkably constant. This 





| 

; 

| seems to confirm that the computation reflects the behaviour of the integral 
| _ Sufficiently faithfully and that the modified ansatz for k=2 provides an ex- 


cellent approximation. 


4, Numerical Computation for k=3 


For the case of k=3, it proves more convenient (and more accurate) 
to investigate the equivalent ansatz for J (cf. (4,26), (4.39)). 


J is given by 
( &e tn2 
J = - jae FOUR ye MI 
where, for 3 collinear instantons in 4-dimensional radial co-ordinates, _ 
“ = Q z + % = 
ror + pf -2pr em @) (1+ 92 +29 ree 8) 
3 x (e+ a+ Loren e@) 
i ee (4. 51) 


F hel prs p> -2 pre ®)( es T+igr < ) 
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- Ks (> + P-2pr eno) > 





of numerical convergence the logarithmic factor in J must be removed. 


This is effected integrating by parts: 


| 
4,18 
] Ni the instanton strengths, f.2 the separations. For reasons | 
es 
se [ ate DOME AK = [oSuxunar 
| R 





| | =| Placa auaettg 
| 4 


(4. 52) 





; “f arjure 
f (a 


= ~ 4 Far (34K <3) + | Coat ate. | (4. 53) il 


The. logarithmic factor is now absent from the integral but at the | 
expense of an overall divergence being introduced (signalled by the presence | 
of the cancelling - 144 n*Ly fp? in (4.53): J itself is finite; this must 
be removed by hand. i] 

cae HN) 

To do this we seek the highest-order term in O x asa i 


function of » 


Now “is a sextic, so we can write I) 


Toens OG = EPpt oe (4. 54) 


and On 


(| 


(65+ b,c) | : i 


in(r,8 ) ¢s-ordinates, where a,b,c are polynomials whose exact 





forms are of no immediate importance except insofar as they are of lower 


order than the leading terms. 


\ So kor =. B6r? + 7b +248 





and 
cs nx & Ox _Qay . Tard TH, (86H P% taps b+ aoc) 
x a KK xr 
i Pest a ~3ér* 
| — (2+ 2 [= 2S ets GS r b ~>érty 
Xx 
(4. 55) 
writing aed = = (x = Y) P where : oa x _pe 
| 
; or more compactly, lax = \r0* ons ae (4. 56) | 
1 eo Wt 
| 
| Then (2? lace)” = os sl e BHD 2 (4. 57) | 
; 3 or ea X | 
. 
rl giving rise to a term 
| | | 
+ y 
(ter Hh 
| j ; Ata, Ax | be lp ge Cy, ; cancelling ) 
R liq 
Hi 
the divergence in (4.53). 
~~ «65, LCT extract this divergence explicitly, we use 
v 5 
mt =e (n-Y) ([tPfom dtc = dr Prion dOde) (4, 58) 
= > og 
and 2 = he OK _ OR ~~ r)| 
x. 6% ar lap 


pie (4. 59) 
[BE ~ 4] 














where © y = at. ~ 6r?* - 


Then with these 


i (eo eye 
| iq 


; é 
: = rey | — “rpintg dOdr — vey oye 
x 2 * ae 


(4. 60) 
P Gy rc78AH dp — ee) d foe 
x cs 


= 492 (Bue -Wh pe) 


(4. 61) 


= We | © on sp0dbee - He LOY ae 
bJ x : a 


exhibiting the divergence. 


So 1% = 4 BaP dX, pte + (4% & ge | 


+ a4 [ G1 su O dO dp 


(4. 62) 
+144 i 2 + tenet den t@ls 
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i De” Ged RBA = J Dew teas rare ; 
na 

















Or re-writing this 


J = 48r2 (344% Pe) 


_ (4. 63) | 

| - Se4 sea - [rapes | 
h = sof ® +6 . 5) 4, 64 
where FA 16m sur [= + ae ’ ( ) 
Fo = Gtr’? suro ( 24Drh + D) ; (4. 65) 


af 


one obtains the form occurring in the numerical computation, 
Now considering the form of the ansatz for k=3 we have from (4. 39) il 


and using results on M3 \ 


ce = 2 ln det | M (vo) +E -tu2) 3 
(Gy? 


a x 3 
2. a Die H, (u 2 — IT Ka) + Ln hot py 


° 


= GUNMA + Ge dete, - 6UYEY +2po?(pre) ~ 2 


} 


See ee zs 2 nr pt vlprey + do£p, es (4. 66) 


in the limit i 3 2, ye > 2, do/y, AL. 


Also in this case from (4.17) 





: . 
d, +E, + Eis 
dokp, = dot Hb ay 


~t13 


- Eo 
+&, +&,5 


-b,, 


Sg: 
i ten, +O,3 


- bay 


adding the second and third columns to the first , 
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= ENG) le he + beh + 
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(4. 67) 


Pine 


Bs +Ey, +252 


2 ce 
oa -\ 
P 
bt Ne he == 
PrP @? C 
~ Me t+ Ye + i 
2 (etey Wi 
i 
eh, 
oe (pr 2)" 
(4. 68) 
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So 
Te = tor (GMS + 2 +2 preplpeay” + Gr k) 
(4. 69) 


which is the value of. the function Ft compared against J in the computation 
below. 

Tables V and VI provide sample values in the cases of equidistant 
instantons and symmetrical cases (s, = ds) ; Table VII presents 
a few general (collinear) configurations. As can be seen the results are 
usually better than 0.1%; although six figures are given for completeness 
the absolute accuracy is about 0.01. It is perhaps pertinent to note that 
the two integrals from FA and F in (4, 63) are generally quite close: the 
leading contribution is from 481*tn OE at . 

Since the form for the general conformal invariants is not known for 
k=8, mo check is possible as it was for k=2 (cf. infra). A consistency 
check was however obtained, by letting \ =O or pee » reproducing 
a two-instanton configuration; these were found to be in good agreement 
with ihe previous computation for k=2, 

Clearly the ansatz models the behaviour of these integrals remarkably 
well. For the case of k=2, further investigation was attempted by a variety 
of polynomial and logarithmic fits to the error as a function of c, but 
without success. The fact that such good results were obtained with 
relatively simple programs and low absolute accuracies suggests the possi- 
bility of more refined calculations enabling the first fey terms of the series 


expansion of f(c) of (4.49) to be obtained; this approach has in its favour 


the small value of c( & ae ) in this context, 


— 
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Further evidence in support of the high Seen of accuracy to which 
this ansatz models the behaviour of the 't Hooft solution is provided by 
the work of Chakrabarti and Comet’. In this they considered a particular 
class of multi-instanton configurations in which the parameters of collinear 
instantons are completely constrained by the index of the solution. 


8 
Using standard superpotential formalism with 


Aw = jos Dati P (4. 70) 
| their (A-t) ~ index solution is 
wl ogee ker 
haere (4. 71) 


For this special class, it is possible to obtain an ae form for 
the instanton determinant of the covariant Laplacian in that field, as a 
function of a 7; the result may then be compared with that for Osborn's 
construction in this particular case. 

This Chakrabarti and Comtet do, and some of their results are re- 
produced in Table VIII; here &-; is the index and OD -J, the error. iy 
As before the high degree of accuracy for k=2 and 3 is confirmed, and the 
ansatz is also seen to work excellently for higher indices. | The authors 
of 7 estimate that wd “De oe O oS for large « , to be compared 


with the asymptotically leading term of 2&0 in J. That this 


approximation should be so good and yet clearly only approximate is 


intriguing; in the next chapter an exact calculation is presented. 





APPENDIX A: Details of Computation 


To evaluate J numerically, a routine from the National Algorithm 

















Group's Fortran Library was chosen: DOIDAF; double precision was used 
throughout. 

In this, a double integral is calculated to specified absolute accuracy 
by repeated applications of the method described by Patterson” 


The integral 











bP Ply 
[ -| F (,4) da-dy (4. 72) 


. ¢, (4) 


is expressed as | 
b 
5 = if Fly) dy 


$.(y) 
where F ly) Je + (2,4) dy } 


both integrals are then evaluated by the method of the optimum addition 

of points to Gauss ietieians formulae, as described by Patterson. An 

interlacing common-point technique is used: starting from the 3-point Gauss 

rule, further evaluations are added (but retaining the points of the earlier 
aire ~~ formulae) to obtain respectively 7, 15, 31, a, 127 and 255 point rules. 


Each integral is calculated by successive applications of these formulae 


until two results are obtained which differ by less than the specified absolute 


accuracy. 





4,26 


The integration range of the r variable ( Y in the program) was 
split up into ten regions, whose boundaries were determined by fixed 
multiples of the scale set by the instanton separations. 

An attempt was made to distribute the integration evenly: thus the 
ranges were compressed near the instantons and expanded far from them 


(where little contribution was made to the total). Suitable accuracies 


| 
' runs. 


(typically 0.0001) were then set for each region, and adjusted after trial 
| 
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APPENDIX B: Program for k=2 





TNTEGRATTON TEST K=2 


VARIABLE ASSTGNMFNTS 

INTEGER NOUT,FFATL,NPYS, 

REAL¥8 YA, Maes ete ote AAS, PHT1,PHI?,F,F, 
2h1,L2,03, ALP T,G,H,P2, Go, PO,FC, vise 49) 
EXTERNAL rleMtt PATS 

DATA NOUT /6/ 
COMMON/PARS/U1,b2,03,P,0,P2,92,P9 

WRITE CNOUT,99999) 


AIAN 


OUTER TNTEGRATTON TN R 








PARAMETER VALURS 
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RANGES 
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| 
I 
YUCION)=¥J 
(ag 
C HOWER LIMITS 
YuCi)= YR mi | 
YUC2)SYC Hh 
YLC3)=Yp We 
YUC4)=VE 1 
YLC5S)=VE 
YLC6)=YG 
YLC7)=YH | 9 
YLC8)=Y) Ii} 
YLC9)=VG 
L YLC10)=YK Ma) 
C| MATN CALCULATION ° ml) 
~ WRITE CNOUT,99970) 11,02,b3,F WT 
TFAILS1 | 
S=0,0 MI 
WRITE CNOUT,99950) | 
NG: 5. ‘T=41,10 We 
. TRFAIL=1 ‘ Hil} i] 
C NAGLTBRAPY ROUTINE 
CALL DOAIDAFCYUCLI,YLOL),PHT1,rPH19,F,ACCIY, ANS, MPTS,LFATL) 
IF (TFAIL) 10,10,15 
15 WRITF (NOUT,99997) LFATI | 
10 WRITE (NOUT,99998) I,ANS,AC(T),NPTS,YUCI), VIL) WA 
ci WRITE TNTEGRAL VALUE Hi 
5 S=+ANS+S il 
WRITE CNOUT,99995) § Mil 
C WRITE ANSATZ VALINE AUN 
N=H(0.0) | | 
WRITE (NOUT,99996) D w| 
Cc WRITER CONFORMAT TAVARLANT | | 
GCHLLF LPF 4#O2/ ( (L140 244*0O2) ¥4 2) iH) | 
WRITE CNNUT,99955) G Ve 
AQ STOP MO 
¢C Nn) 
C FORMAT STATEMENTS IT | 
99999 FORMAT (4(1XK/),31H INVESTIGATION FOK LNGNET K = 9/71Xx) 
9999R ree py bea oe Eh 7F13.6,2H ,#13.6,2H ,To,7# 7t13.6,2H , Wi 
2 3.6 WN 
99997 FORMAT C/36h CONVERGENCE KOT GRYALNED TRAGE= ,l4) | 
99996 FORMAT (8H TEST = ,F13.6/) | 
9995 FORMAT (/18H TOTAL LINSFGPRAL = ,£13.6/) 1M 
99993 FURMAT (€/19H LEADING INTFGRAL/) We 
99970 FORMAT (/18HK PARAMFYLFRS 1 = ,F£13.6, | 
2 6H b2. = ,F13.6,6H L3 = ,£13.6/5H P = ,6£13.6,5H 0 = ,£13.6/) WS 
99960 FORMAT (7) a 
99955 FORMAT (/15H CeLNVARTANY = ,F13.6) i 
99950 FURMAT (/33H “MATN INTPGRAL ARS ECE q 
2 41H NO. OF FVAL. LOWER LTAT4 HpPpP MIT) | 
Fp HI i 
| il { 
Cc SET LOWER LIMIT OF LXER TRETA INTREGRAT, | 
FUNCTTON PHY1CY) | | 
REAL¥8 ¥ Wily 
PHT1= WA 
RETURN ] 
FAD 1 
Cc | HW) 
il Hy 
\ 
i \ 
] 
| 
{| 
} 








aN 


SET UPPER LIMIT OF INNER THETA JINTFGRAT, 
FUNCTION PHI?CY) 

REAL*8 Y 

REAL¥8 XOLAAF 

PHT2=(1.9)¥*XO1 AAF(9.90) 


RETURN 

END 

CALCULATION OF INTEGRAND 

FUNCTION FCX,Y) 

REAL*8 X,Y,J,K,G,H,L1,h2,b3,",N,P,& 
REAL*8 XOLAAP,Y2,P2, 03, po, re és ShICS 52,8N2 
COMNON/PARS/L1L,L2,13, Py Uy P2, 92,P0 
Y2=Y*Y 

CS=DCOS(X) 

SN=DSINCX) 

CSI=CS*CS 

SN2=SN*SN 

RI=Y*¥Y+O*%O-$2* OF YFCS 

R2=Y¥*¥VY+O* OF 2* OF YFECS 

FY=LI/RI+L2/R2 
DL==$2¥(L1*¥CY-OFCS)/CRI¥FR1I FL PECYFO*CS) SCR ZFRP)) 
D2=—2¥CLAFOFSN/CRIFRI) ML AFOKSNS CRZFR2) D 
BX=D1*N1+D24N2 

BX=BX¥*BX 

F2=1+F1 

FUSPLtR. 

FUS=PL*F 1 

FO=F2*F2 

FQ2=F2*F2 

K=L1*¥ R24, 2*R1 

J=R1I¥*R2A+K 

R1=R1¥R1 

R2=R2¥RZ 

H=CRA*¥RLFERPI*¥R2ZI/CK¥KFK¥K) 
G=CRLTFERLFERI¥R2)/CIO¥IFU¥J) 

Z=16¥*X (1 COLLAL2I/SCLAtL2+V2) ) *F4)/ CV 2FY?) 
Fo4¥XOUAAF (OCOD FSNAFYV¥Y2Z¥* ( CHRG) ¥RXHZ) 
RETURN 

END 


CALCULATTON OF ANSATZ 
FUNCTION HCD) 
REAL*8 D, oT al la lial lll 
REAL*8 XO1AA 
COMMON /PARS/ hi L2, Pe ae 
ha + 


7V,P?,92,P0 
H= 16¥*(DLAGC1+4*02/ ; 


JFL LEN Q*4AKOA/((LAFL 244402) ¥#3) ) 


1, 
( 
2¥XOLAAFCO,OJFXOLAAF (CO, 
RETURN 
END 
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APPENDIX C: Program for k=3 


INTEGRATTON TEST K=3 


VARTABLE ASSTGNMENTS | 
peace” NOUT,IFATL,WPYS,T | 

REAL¥8 YA, gYBr SPU gacttuy, AWS,PHT1,PHI2,F,FA, FRE KD, XOTAAF, 
$b1 sbi? L3,P,0,1,P2,92,F0, FC,YNC105, YC) 


EXT ERNAT Sc gen ne 

DATA NOUL /A/ 
COMMON/PAPS/L1,502,L3,P,0,P2,07,PU 
wRITH CNOUT,99999) 


AANA 


GUTFR INTFGRATION IN R 


PARAME'LER Pores 
INSTANTON STRENGTH 
bist.0 

L2=4,0 

Baer .0 

Cc INSTANT ON SFPARAYTTOMNS 
P=l1. 

Beis 

P2=P¥*P 

QOP=O*XO 

PO=P¥0 


CONE 


Cc ARSOLUTFE ACCURACLES 

AC(1)=6.,0001 ii 
AC(?)=0.001 I 
AC(3)=0.001 
AC(A)=0 004 | 
ratelar* 
AC(46)= *Aeuat 
Perris gat 
AC(®8)=G.00u1 

AC(9)=G60,.0000) 

(10)=0.,009001 


GRATIN RANGES 


ATANBDIISYEs 


ON ,04%0 
4006, O*Q 
0000, 0%0 Ii 
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DUN Hate de 
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hes i 


sate 

—_ 
17] 

ead 


RAO ARRAC OOM 
ye 
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YLC4)=VE 
YL(O5)=YF 
YL(C6)=YG 
YLC7)J=YH 
- YLC8)=VI 
YLC9)=YVJ 
YLCAN)=YK 
€ 
(i MATIN CALCULATION 
WRITE CNOUT,99970) L1,02,L3,P 
TEAIL=1 
S=0,0 
WRITH C(NOUT,99950) 
DO. 5 L£=1,10 
TEAL =1 
CALL DOINAFCYUCL),YLCL),PHT1,PHI?,F,ACCL),ANS,NPTS,IFATIAD) 
TF (TFAIU) 19,10,15 
15 WRITE (NOUT,99997) iFATL 
10 WRITE CNONUT,99998) J,ANS,ACC(T),NPTS,YUCL),YLCL) 
c _ WRITR F 
5 S="“ANS+S 
T=0,0 
WRITE (wOUT,99993) 
DO 205 7=t1, 
_TFAITL=1 \ 
CALL DOIDAFCYUCL),YuCL),PHTL,PHI2?,FA,ACCT),ANS,NPTS,TFAII) | 
TIF CIFAIV) 20,20,25 
25 WRITE CNNUT,99997) IFATL 
20 WRITE (NOUT,99998) 1L,ANS,ACCT),NPTS,YU(CI1),VYLCL) 
Cc WRITF FA 
3 T=ANS+T 
S=S 
WRITE (NOUT,99995) S,f 
Cc WRITE SURFACF TERMS 
U=C4AB¥*CXOLAAP (O00) ¥**2) ) 40 | 
2+3+DLOG(L2*P2*02)) 
WRITE CNOUT,99994) U 
¢ WRITE TNTEGRAL VALUE 
U=-S+T+U A) 
WRITE CNOUT,99999) U 
Cc WRITE ANSATZ VALUE | 
D=zH(0,9) 
ee C(NOUT,999956) D Hil 
40 STN NA 
«C Hl] 
Cc FORMAT STATEMEN TS 
99999 FORMAT (4(1X/), 29H INTFGRATION FORK LOGNET K = 3/71%) HM 
99998 ee aa eee 7£13.6,2H 7E13%6, 2H piOy ce pGe1 3.6724 if il 
2 £13.6 Ht 
99997 FORMAT (/36H CONVERGENCE NOT ORTALNED TRAIT oo Talal | 
99996 FORMAT (29H TEST (CCUNJFCTURATL RESULT) = ,E13.6 WH 
Gian es ee idl MATN INTFGRAT = ,F13.6//20H LF arr INTFGRAL = , 
2 E43%6 
99994 FORMAT (20H SURFACE TERMS = ,Fi3.4/) 
99993 FORMAT (//19H LEADING TNTEGRAL/) 
99992 FORMAT (//29H -MAIN+LE ADT NG+SURFACE = ,£13.67) 
99970 FORMAT (/18H PARAMETFRS L1 = ,£13.6, 
2_6H L2 = ,£13.6,;6H L3 = 5E13.675H P= ,E13.6,5H 0 = ,#£13.6/) 
99960 FORMAT (/) 
99950 FORMAT (/33H MATW INTFGRAT ARSACC j 
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? 41H NO. OF EVAL. LOWER LI4iT UPPER LITLE) 
END 


SFT LOWFR LTMTT UF FANER THETA THTREGRAL 
FUNCTION. PHT1(Y) 

REALS Y 

PHIL1=90 

REPUTE N 

END 


SFL UPPER LIMTT OF THETA TANTEGKAL 
FUNCT TON PHT2CY) 

RE AL*R Y 

RFAL*R XOTAAF 

PHLP=(1.0)#F X01 RAAF CO.O) ° 
RETURN 

END 


CALCULATION GF i TRS ST TWTECGRAGD 
FUNCETOMN FCY¥,Y) 
REALER X,Y¥,K,G,hle 
RE AT AAB KOSARE 6X2 ,P 2, 
COMMONSPARS/L1 ,f2 
Y?P=aV*Y 

CS=NCas CX) 
SNSEDSTNCOX) 
CS2=CSEFCS © 
SNZ=SNFSA 

FCSOFT ZHU FELT RPE ZAP EQOA HP ET 340¥ PP? 
AZHB4¥YP¥PURCS Zee FPOR(LPTYV 2) 
PC Z4eVECER CO) 


ol Shas 
Wer Per FC,CS,5N,052,5N? 
pO gP2¢ bo PY 


ce 


S+O4*YP¥VE(VREPIIFICS 
AtRE(QPECLPATEI VAP ZE( E243) 4+P2*02) 
5+ 24k YP KCLAtL I +U3+9O24+P2 ) 

K=nm4aV2¥ POF CI 24V Ee) FCS? 
De OC ZEY EPH YAEL ZA ZEY KP QZFORL ZLEQZEY PREV RC MECHEL P+ P FV Z)) FCS 
A+P2ZFOZ*EL {41 2F CUPELZEOZFL LEP PELL HP 2FO? 
S4P2¥L Ft V2FLIFV 2 LT tY ZF LIF V2EU24+V LF?) 

CHB FYEPOXCLIFY ZV ¥SW ECS 
D+ C2¥PORTLZE(ORPALFEY IF CHR CH ORY 2A +P EV 2) FSM 
BretAEVYEPOR(T, 24+ 2¥ YP) FCSZ 

Qe (QEPEQPEL ZO LER PEOFLZEO EY PEC HMPCV ET OF YP RV 2 (PRO) ECS 
AF DEVEC OPEL ZAOP HTL TEV 2 EL 2ZERP PISO ZERO ETS 

54 2¥Y2*L 2+ 24V 2412 EY 202+ IRV AFL It 2¥Y 2EP? ) 
NECV24L 2) ECV Z4E Pm 2FPEYECS) 

PECYPHOZALZKOFY¥CS) +1712 

ZECYPFOLEPEOKY FCS) +L 3¥V2 

AK(YP+PQ—ZEPKY ECS 


DEAS CRERT12¥ FY FES ECEC™2OKKEY REA) /SCNEN) 
G=( PAF DF Y FEA) SNF ED 

Fr4*¥ (VY RF 3ZVFCSNZVFGELCKOLAAP(9O.0)) 

RETURN 

END) 


CALCULATION GF SECOND LNPFGRAND 


FUNCTION FACK,Y) 

REATFR X eX pled eh 2,l3e M,N,KR,P,U 

RFE ALB YOLANE ,Y¥2,P2,02, al se CS,SN,CS?,SN? 
COMMUN/SPAPS/L1,hZe1h ht 34s UR, PQ 


Y2=V*Y 
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CS=DCOSCX) 
SN=DSINCX) 
CS2=CS*CS 
SN2= SN¥SN 
PC=OFL2404U1 - PHL2-PANZ=-PFL3+0%PZ {| 

S(V2eL2IFLY2eP2Z-ZEPEY FCS) 

CY 2409 2 ORV ECE) ATL EY 2 

Y2Q+FOPFPKOKVECS IVE SFY? 
CY24P222¥P¥VACS) | 
4¥*Y2#*PO* (T2492) ¥CS2 
DEY AKPKO DELP = DEV EP LEO PED EY DEY (MF CHOFY 24+ REY 2) *CS | 
2*OP*T 2+Y2¥ CO2¥FLZFO2¥LLFP2FT24P2 *O2 
ee ee renee | 
¥CL2+2*Y2)*CS2 
24G6¥FY2* (AFC) +1L0FY2*Y2¥ (PHU) )*CS 
PIED Z+PIPFOP+P IPT 3 
PEOQHLZ*EY PHT FTH2Z*YP*PZ)) | 
SNQIECK/N+B¥Y2FY 2¥Y ¥M/N¥F 2 ) 
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] 1 . 370370 68. 06 69. 88 
1 4 - 185185 175. 75 176. 41 
4 1 - 185185 31. 06 31. 71 
1 16 - 274348 347, 37 047, 41 | 
16 1 » 274349 9. 426 9. 460 
1 64 » 222612 552.18 552.18 
1 256 . 149067 767.43 767.43 
1 1024 - 948108 985. 41 985. 43 








TABLE I: k=2 Symmetric Cases 











-127070 x 





- S689ER 


. 124977 


. 124977 


- 749270 


- 751110 





TABLE It: k=2 Small Instanton Strengths 








0. 575942 


0.375936 


0. 237548 


0. 189068 


0. 375936 


0. 231400 


0. 964310 





TABLE II: k=2 Large Instanton Separations 








e = 1737.5 


0, 342980 
0. 646496 


3. 24070 


0.57847 
1, 24600 


7.31347 


0.174358 
9.29250 


47, 3531 


28, 0771 


33, 8995 


118, 750 


19, 6030 


27.5762 


196. 704 


5. 44221 


205. 464 


230. 890 
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29, 2056 


35. 0286 


119. 880 


19. 4012 
27. 9746 


197.193 


5. 57627 
205. 601 


231. 028 


TABLE IV: Constant. Conformal Invariant Groups 








TABLE V: k=3 Equidistant Instantons 


2113. 88 


2523. 69 


3519. 97 


6769. 73 


5772, 49 


7679, 20 


1121. 70 


-696. 04 


-1636. 93 


2109. 


2421, 


3516. 


6767, 


5772, 


7670. 


1120. 


-697. 


-1637. 


47 


36 


09 


31 


09 


10 


77 


01 


00 - 














3614, 37 
4886. 64 
6417. 94 
4991, 82 
6188, 63 
7593, 41 
4507, 53 
3184. 70 


-980. 76 


TABLE VI: k=3 Symmetric Instanton Strengths 


3611. 


4885, 


6413. 


4989, 


6188. 


7590. 


4505. 


3184, 


-981, 


94 


41 


54 


37 


35 


88 


03 


35 


08 














4007. 


6265. 


7578, 


5471. 


1375, 


3766. 


4131. 


6186. 


3571, 





TABLE VII: k=3 Unequal Instanton Parameters 





90 


26 


95 


12 


29 


28 


28 


91 


95 


4,40 


4,41 


-0.277 x 10° 


0.255 x 10°" 


1 


0.639 x 10. 


0. 108 


0.155 


0, 305 


0, 460 


0. 617 


0.775 








TABLE VIII: Comparisons of Osborn Ansatz with Exact Results 
of Chakrabarti and Comtet 
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CHAPTER dD: Exact Calculation for k=2 


In this chapter the instanton determinant for the general k=2 
't Hooft solution is calculated. After a first section introducing key 
conformal properties relating the general case to that of the symmetric 
version (equal instanton strengths), the calculation for the latter is pre- 


sented in detail. A brief conclusion follows. 


1. Use of Conformal Properties 

It was shown in Chapter 3 how for the particular case of £U) 
Jack's work led to the following expression for the determinant of the 
covariant Laplacian in the background field of instantons (cf. (3. 53)). 


Dr=t Lndet [Ms(ver){ + 


\2ar* 


— (40) +5 -2u24 hee , 


ra 
where — 23s ie Ln dee fy od ln dak-fy : (5.1) 


Calculation of J thus provides the determinant; this is carried out 
below for k=2, relating first the general case to the symmetric configur- 
ation, which proves more readily calculable, 

To this end we use the fact that the ansatz Je of the previous 


chapter (i.e. (4.39)), defined by 


Ted) = - te dot {M(v@~)] + ($-U2)k, (5.2) 
én? 


where Xd is the set of instanton parameters, reproduces the leading 


Singular behaviour and conformal properties of JA) for SU Q) - In 











particular, J - 0, is conformally invariant, and must therefore 
only be a function of combinations of instanton parameters that are also 


conformally invariant. For k=2 this is unique: 


<()) = XS by -oel* : (5.3) 


(% a +ly-yf) 


; - the instanton strengths, fa the positions; 


JA) = TA) + £ (cea) . (5.4) 


In what follows, d, and de are set equal, to a, say, greatly 
simplifying the evaluation of the integral (5.1) by virtue of resultant sym- 
metries and cancellations. This provides J (ds) where 


at 5% 


(a2 i cy 





CC) = 


( § being the instanton separation). To obtain J (A) for general 
» , a restricted set ), with Ay = he is found such that 


eC.) = c(h) ' Then, using this set , 
Th) = TOY + fle) 
= Ye(d) + fll) 


2 Tbe) + | JeQd) ~ Teds) | (5.5) 


by (5.4), giving J (dy) in terms of calculable quantities. 


To see that it is always possible to find such a set he , it is 


helpful to consider the properties of (5.3). Writing this as a cubic in 











zu 
' we have: 


[y.~Y> | 


FUR Rye) = cx + Be (Mea) + 2(3eGheat NY) 


a e(haky =O, (5. 6) 


For a given value of (x, +) , this always has one (unphysical) 
negative root, and two others that are either both imaginary or real; 


the possible situations are indicated in the diagram below: 


FOXX 2) 





(1) 


If there exists one real (positive) root, there must exist another 
(i.e. curve (1) above). Consider seeking a solution x for ec a value 
obtained from a known set of possible parameters (x, j x , e ) . 


—2 


and taking \X, = XL =X 





Then from (5.6) 


f a. \ x) 


\\ 


Cx? + Be(2V)at + x(3e at} \) + eax) 


' 


FIN % eS eee ~\*) (5.7) 
a 2h =} ek 


So the solutions of {ty =© are given by those of 


is, ie) eX HF) (5. 8) 





5.4 


Now the arithmetic mean is greater than or equal to the geometric 





mean 


rhe kee 
p= : 


so y ae ee |. (5.9) 





2 
Since we are considering values of c and By. e for which 
one positive root exists, f(x ‘he ,*) has the form of curve (1) 
in Fig.1; the roots of (5.5) are therefore given by the points of inter- 


? 


section of this curve and the straight line f = ONES aa 








(see Fig. 2). 
f= £08, % 20) 
f | 
f= =Ov- XX) 
ms Fig. 2 
| 
So two positive values of 2. , that is Jy — yy exist which 
furnish, with } , the required parameters for (5.5), 
2s Computational Details 
The integral oa 63) can be re-written more symmetrically 


(integrating by parts) as 





( IO nx lnxdfoe = | Vn ln nx AS, 
xe pr aetapt 
-| WlnxOnlrrmd ie (5.10) 
as pe 
+) Cbay se 
putting ne = - dot -fo 
In the case of 't Hooft's solution # and k=2, with instantons of 
Strength a and positions Yi» 
2 Lu 
-W dot fy = fatot(ie% +S) (5.11) 
] z 
ca 
where 2, = (=-y,) ‘ 


and so 


: et 2 
- ee S2r-& Rr 6en~ + \e x) ae) ; (5. 12) 
eC pr 
Taking the origin of four-dimensional polar co-ordinates midway 
between the instantons, and © measured from the line joining them, 


the p and v angular dependence may be integrated out (so 


~ a tee ds = by Suz 8AO p> dy) and the integral becomes even 


in ds 


5.5 




















Then with x = ¢~ 


Ox = 8 (20 + Hy + 2a) — lbota? + tOdsseceO (6.13) 


8 a x2 
= f. ee + » “= ad 5.14 
* e rs sali 


In the integral of (5.12), BE contributes 
x 


Tar 
2, [ ie pees, 2 cal Sit We edd 
es . <a Ow 


° 


+ID+iI,tk,+ <a 


F 2618 doc 
where L = va fe ot ’ (5. 15a) 


) gird 
i A ieee) [ Crea sirouode Siege) wrod de (5. 15b) 


| = g se “ae 
K, = 7256 wl [ ees » (5.15¢) 


(5. 15d) 























5, f 
| 
Then 
sd SurOdh a 
b4r[( Ee ee Bau (Gi RF - Gk) 
lio Yo x or 
(5. 16) 
where "= Sle (22 aod re | ‘ 


which exactly cancels the divergent surface term in (5.12); thus all upper 
limits may be set to infinity. 

I, and I, are dealt with in Appendix B. 
The evaluation of Ky and Ky in (5.11) will be given in some detail, 


as they illustrate the principal techniques used in all subsequent calculations. 


Consider K 











2 
- ; 
Now | EPO MLOID - wT 2 4-8 meet 
, U-beme) B*/2Jata—e) 
where XxX = A- best (see Appendix A) 
ent nal [etamteile < ore f set a) 
Cay 


converges, though each part of the integrand separately diverges. 


asd = [A + =f 

dx A-8 A 
HES + ee 
A~g A 4 i 





(5.17) 


+ (2k + hx + 2b oe = ((2e2 - Fh)ve + 22) 2.07 


2 JA(A-8) 2 JA’ 4-8) | 








ge e 
2 a ie A-® 
| oh ee = Dea ae Le i at 


> 1/A(A-B) 





eg 
-| Pr (rere Sha? 42x) de 


T JA CA-@)? 


(5. 18) 


ec 
+f £. 2k — rA)ox® + 2K on) dp 


= & A> (A- 8) 


and the first two terms of the right-hand side cancel in the limit @ > 06 
leaving convergent integrals. 


Making the substitution «2 < Et. 
E+! 


the fact that 


(8) 
in | See. fe att Sh )nc* +2 le) dae - and using 


P.) if 
if T(z) de =f rye -| L(g && 


= 2 Fy ta ak 


) 

















or 
° 
i<e) 


we obtain 

= ris ef (ote mye) +7h10-i) Bae (5. " 
! PIE+ Flere? 
Br cerniee (5.20) 
where ae € Sie wefes+ Sh), (5. 21a) 
P= 2h + k(2r- %) (5. 21b) 
p = eb /ol* ‘ | (5. 21¢) 
Zu = Hei (5. 21d) 
Put | 





then (5.20) transforms to 


| 
pe Jo 2 + FA 4 Joty? + Var + Th -2k) U-v?) 
p 


ol 23 i= [( ~ y2) (KI " Ky)" 


(5. 22) 


where (Sa Whig 
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- 
Now = < dw is a standard 
I~v Rr 4 ay) 
elliptic integral 2 (m even) 


and aT v" dw = cep” ‘pdb = WY i ad ax 
Vera Jmresrgp 9 Jo 


= C, 


| with V= Ib = enw 


v 


here ye F( dh, &) : the elliptic function of 


the first kind; (5. 23a) 


a = Lely “7 Ke | ; where E (a) = Elg,k), 








the elliptic function of the 
second kind; (5. 23b) 


_ | = (2 a 
i, = paler ut 2(2K~1) E (u) + FR Snuenu.dy isd 





(5. 23c) 


(See 2° for further details). 





So (5.22) gives 


~ 82 [Oar eh rr) ec. + bee tent) (Co~ca] 
4 B73 (5, 24) 


evaluated at the limits Vv = 1 and 











Similarly 


| Ki Se (Bet - Se) + Ulex) de 


(5. 25) 
© JAC 4-8) | 


via the transformation me Gt yy becomes 





Ze 
ts | [ (eee - tp +22 - Ret - #4 ~2b)] I dt _ (5. 26) 


0B ' (e+ ey (E+ ) 


Then setting 3 a (5.26) transforms to 





] 
s2 3 i (22 - 5% 2k) ev + (2d 1% 2k) l-v} vw, 
4. \ 
fe ee freee Jl-v4) (\— tev) (5. 27) 





Integrals of the form 


vi dw 
mr 
(r even) 


oe a oe 
ire = ont 


\ 
Ts 


(v = Su b= snus) 

















HL) hh 
| 
5.12: 
are also elliptic in structure; the first few are 
A, =4 = F(¢, K) (5. 28a) 
wnt 
| | A, = Le - Elu)| (5. 28b) 
| 2 
aa alos "Be EE) + nu crudau ls, 280) 
| 
A, = cos Loew nurdrau bu [+ mA, - 3A, \ (5. 28a) 
So (5.27) gives rise to a term 
al > "e ly 2k of” L u | 
—— ( Tt JPA, + (2t- i IAs.) 
Fe (5. 29) | 





evaluated at both limits. (5.24) and (5.29) provide K, ; 
| 





= 28 toe = 4 k) ot ad Ys 2 | 
2 Bae ( Sher )p A. (2k — [rst -£))(4.-A,)} Hil 
(5. 30) 
_ (2 Pee ‘. | 
<P o> (22 + ih, t2K)PC, — (2k- (2+ PANIC, -c.) . | 











The same procedures may be applied to Ki: 


= 2Sore = a + (8% +200)) sured Ode 


K, _ (5. 31) 
= (2942 oP + (SH +200) dee (5. 32) 
JP (A-®) 
(using Appendix A), 
As before set vs = El .k | then 
Et! 


a) 
Ri = Se | ket Serral + (kh -U% eel ae 


3 aw = 
ot" [(é +eyEre) 
(5. 33) 
and with t ay this becomes 
e+ é 


Blaworle fos MI oo a7 a 
aT (-v)(- ev) 


= 9 [2yrat|> | (ke + Se +22) PA. +(k-(8% +222)) (A. -A.)| 
7B pe 


(5. 34) 




















5.14 
The cross-terms in (Fax) are (cf. (5.14)) 
TSP + Bnhentd (5. 35) 
xe os 
which via Appendix A lead to the following x -integral: 
a” 
é | dacect (20-+5°/ —) = 
“ob OF Lt Sp 420%)! Fe ats —aanra_p™ 
ae? Fe) Gs ay 
(5. 36) 


The first term 


= Mtg ot a ca cl Rad 
L, mn 644 2-2) | 7 “a rene (5. 37) 


can be evaluated directly. Putting x = E-l de 
é+| 


and then é. ae Sy we find 





La = aston [ann | | ke (ety eee Je 
si ErpyP (er 2 








tt Pp 


(5. 38) 
| 
= 256 a(S a)h} dw k Cp*y* —(\-w)) + Vy r2tYvigm+t) 
S 
os ak (- VA (l~ Rev 


(5. 39) 











x SORTS SIE | kA) +A a, 
PTZ 
+ (74 +2e)[ (Py A, a 2(p%) A, *Ac]| ; 


(5. 40) 
Then noting % = % (A ~(A- @)) 


n° 
i = ~19 29a | (et Sp +20) de 
Oo 


A’ (A-B)* 
may be re-written as 


castes | ee ae ate | a (8 + Sy +202) 
pes 8 Az (A = g)”* Ar (A-8)* 
. (5. 41) 


The first term of (5,41) 


A 
— '!{2ror | ele + Sy +202) de (5. 42) 
ie Ax (A-g)" 


ee aad 
HAI arrotle | dk [e+ Hy 42 + (le ~ (9% +205))] 


XB? 92 J(E+ Pe+ z)* (5. 43) 


\( 





\ 





- 7? reste ow (k + Sy +22] qty + (k- by ay) |~v*) 
= RE i, Mw it + tevy 
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Jire™ 


(5.44) 

















5.16 


= 276Sratk Che Pie +20} a'C, t (ke (s%p +22) (Co tt | 
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3. Results 
Using the methods described above and putting together the various | 


component parts we have 
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do is the symmetric set described in section 1 and 
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with the A's and c's as defined above. 
These results provide the component parts for the evaluation of J 


and thus Dd, unfortunately it has not proved possible to bring all these 





terms together in a way that explicitly exhibits an underlying simplicity i 
of structure. In particular we have not been able to write the result 
showing explicitly the known conformal invariance properties by constructing Hi 


the function f(c) of (5.4). And this for an instanton configuration that 











P 3 
Berg and Liischer rightly emphasise as atypical: for the @ -term of ull 


(3.37) is identically zero for k=2 and for 't Hooft's solutions generally, 











both of which obtain here. The implied complexity of other high-index 
determinants suggests the need for more natural variables (perhaps in- 


volving complex parametrisation, cf, infra), in terms of which the results 


take on more compact forms, 
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APPENDIX A: Evaluation of @ -integrals 





For the © ~integrations, the basic result 4 is 
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where 4 (x 9) is the beta function. 
Whence, by judicious differentiation (treating A and B as independent 


variables) one obtains the following results: 
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APPENDIX B: Evaluation of I and I, 





It has so far proved impossible to find expressions in closed form 


for the integral 
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but representations in terms of infinite series can be obtained . 
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CHAPTER 6: Conclusion 


The calculation of the previous chapter obtains an expression for 
the funational determinant of the covariant teelaoian in the background 
field of the k=2 SU(2) 't Hooft instanton; to achieve this, it iiteg on the 
various techniques and ideas reported in the preceding chapters. It was 
shown how each of the component parts of the integral J (4.26) may be 
evaluated; unfortunately, however, it has not proved possible to bring all 
these terms together in a way that exhibits an underlying simplicity of 
structure, and the result serves to emphasise the complexity of the situ- 
ation. This is borne out in a number of other ways. 

Apart from the generally involved nature of such determinant calcu- 
lations - from 't Hooft's pioneering calculation through to later work - 
no clear sense of computational direction has emerged. Although the ADHM 
construction has provided an obvious and convenient framework in which to 
discuss such matters (though even this has some difficulties: see below), 
no earsant set of technical procedures has been established. 

Thus conformal properties proved of great importance in the previous 
chapters; a number of authors“ have investigated the rdle of conformal 
invariants in this context. But it is soon found that the relevant equations 
become intractable, 

Similarly, in investigating the properties of Osborn's ansatz (cf. supra) 
use was made of the simplifying properties of instantons on a line. And 


the first extension (by Witten) of the one-instanton solution of Belavin, 


Polyakov, Sehwarz and Tyupkin ” was that of n-instantons arranged along 


-1 




















6.2 


a line *. This suggests a possibly fruitful avenue for further investigation, 
using perhaps complex variable techniques (setting z= r+it for example). 
Indeed recently, Boutaleb-Joutei, Chakrabarti and Gomter™ have con- 
sidered a particular class of SU(2) multi-instanton configurations along a 
line, in which the sizes and separations are constrained in a special way, 
with resultant simplifications. In particular, using complex variable tech- 
niques, this has enabled them to obtain completely explicit forms (with 
| arbitrary k) for the instanton determinants (see above and 6 ). They have | 
| expressed the hope that a hierarchy of ait solutions might be generated, 
thus providing further explicit forms. But the success of their scheme | 
serves in part to emphasize how restricted (with no free parameters in 
each k-instanton solution) a class of solutions it is necessary ia consider 
in order to obtain compact forms for instanton determinants. 
An attempt at a deeper understanding of instantons in the context of 
functional integrals was made by Belavin, Fateev, Schwarz and Tyupkin’, 
From analogies with two-dimensional CP models (see 8 and a pertinent 


Short review in 9), in which the leading contribution of the k-instanton 








to the functional integral is the partition function (at unit temperature) for 
a classical neutral Coulomb gas of 2k particles, each of mass m (the re- 


normalisation group invariant mass), k of which are positively charged, 





the remainder negatively, they conjectured that instantons be considered 
as composed of instanton quarks. Thus for SU(n) the 4nk instantons 
parameters correspond to n species of instanton quarks with multiplicity k, 


each having a freely-varying Euclidean position in four-dimensional space. 


An important aspect of the two-dimensional Coulomb gas is its critical 





0 ae 
point at T=1 at which the pressure diverges ; this indicates that the | 





dilute (i.e. non-interacting or weakly-interacting) gas approximation is 
inappropriate: the corresponding statement for four dimensions would be 
that the system of instantons quarks is in the plasma phase. Thus this 
conjecture has important consequences for the vexed question of dilute 
gas approximations; unfortunately little progress has been made beyond 
the initial eaniacbere’. 

Instanton determinants arose in the use of the semi-classical approach ] 
to approximating functional integrals; to employ them in this context re- 
quires a form in which the explicit dependence on the instanton parameters | 
is manifest. As the above calculations and comments have shown, even 
in the most complete general case to date, that for the k=2 su(2) solution, 
the lack of succinctness and computational manageability renders it less 
suitable for insertion into functional integrals. 

Nevertheless, calculations have already begun on the next stage of 
evaluation, investigating the other essential ingredient of this semi-classical 
approach, namely the functional measure to be used in the integration. 
Goddard, Mansfield and Gehora have obtained the relevant form for k=2, HHI 
as well as discussing zero modes and associated topics, equally vital for 


a full understanding (see 12 for a detailed review of these and related 





matters), 

But here arises another problem. The cornerstone of much of 
the work outlined in the preceding chapters, the ADHM construction, while 
elegant and compact, does not provide an unconstrained parametrisation 


for the multi-instanton solutions with the full quota of variables, except 


for k=1 and 2 and (though with complications) k=3. 











6.4 | 


Further, the very basis of the semi-classical expansion - expanding 
about a restricted set of pure instanton and anti-instanton configurations - 
though sampling all topological sectors of gauge equivalence classes of 
index k, is not self-obviously sufficient for a sensible theory (but see 13). 
What additional field eheertishs should be added, if any, remains unclear. 

These utines notwithstanding, much progress has been made in 
the calculation of instanton determinants as part of the broader programme 


of semi-classical approximation to functional integrals; and the tantalising 





elegances and simplicities that arise in diverse but related fields hold out 


to the optimist the prospect of a deeper underlying structure one day being 


found, 
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